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This Paper

▶ Continues the agenda from Weidner and Zylkin JIE 2021

⋄ Estimates for gravity models with two- (or three-)way fixed effects gravity models are biased

⋄ How can we get more reliable inferences?

▶ Gravity: workhorse model in trade for estimating effects of trade policies

▶ Idea: we can use the bootstrap to remove bias

⋄ How? Why? Which bootstrap method(s) should we use?

⋄ How does it work? (theory)
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Motivation

Table: Recapping some results from Weidner and Zylkin (2021)

N=20 N=50 N=100

T=2 T=5 T=10 T=2 T=5 T=10 T=2 T=5 T=10

II. Poisson DGP
Coverage probability with uncorrected SEs (should be 0.95 for an unbiased estimator)

FE-PPML 0.887 0.880 0.892 0.912 0.905 0.919 0.918 0.919 0.925

Analytical BC 0.888 0.897 0.902 0.920 0.931 0.938 0.934 0.939 0.948

Jackknife BC 0.857 0.870 0.884 0.916 0.922 0.934 0.928 0.936 0.945

Coverage probability with corrected SEs (should be 0.95 for an unbiased estimator)
(uncorrected) 0.887 0.880 0.892 0.912 0.905 0.919 0.918 0.919 0.925

FE-PPML + HC2 SEs 0.923 0.915 0.916 0.927 0.921 0.930 0.925 0.927 0.931

Analytical BC + HC2 SEs 0.923 0.929 0.930 0.938 0.942 0.949 0.942 0.945 0.952

Jackknife BC + HC2 SEs 0.900 0.903 0.915 0.932 0.935 0.942 0.936 0.941 0.949

Model: yijt = exp(𝛼it + 𝛾jt + 𝜂ij + 𝛽xijt )𝜔ijt (“three-way gravity”) N : no. countries. T : time periods. Estimator: PPML.

Weidner and Zylkin (2021) show that “three-way” PPML gravity estimates are consistent, BUT:

1. Estimates are asymptotically biased due to the incidental parameter problem

2. Standard errors are downward biased as well.

3. Using corrections for both the estimates and SEs can improve inferences
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Motivation
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Figure: Figure from Weidner and Zylkin (2021) illustrating “asymptotic bias”
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Motivation

Table: Practical illustrations (originally from WZ 2021)

Article Covariate original PPML

estimate and SE

bias-corrected

estimate and SE

Notes

Baier et al. (2018) EIA 0.062 (0.039) 0.073 (0.044)* EIA is a dummy for the presence of an Economic Integration

Agreement. The interaction terms are log distance and dummies

for adjacency, common legal system, common religion, common

language, and colonial history. WZ’s estimation differs from

BBF’s in that WZ use PPML, whereas BBF use OLS with

first-differences and pair-specific time trends. The specification

WZ replicate is their Table 4, column 7. 183 countries, 1965-2010

every 5 years (N = 183, T = 10).

EIA × log DIST -0.102 (0.031)*** -0.094 (0.035)***

EIA × CONTIG -0.250 (0.096)*** -0.266 (0.140)*

EIA × LEGAL 0.160 (0.078)** 0.189 (0.111)*

EIA × RELG 0.418 (0.125)*** 0.456 (0.166)***

EIA × LANG -0.414 (0.103)*** -0.457 (0.147)***

EIA × CLNY -0.082 (0.116) -0.051 (0.147)

Baier et al. (2019) Total FTA Effect 0.292 (0.051)*** 0.299 (0.082)*** Reported coefficient is for the “Total FTA effect” inclusive of

5-year lags. The specification WZ estimate is their equation (4).

WZ’s estimate differs slightly because WZ use asymmetric pair

fixed effects instead of symmetric pair fixed effects. 69 countries,

1986-2006 (N = 69, T = 21).

Bergstrand et al. (2015) Total EIA Effect 0.522 (0.060)*** 0.549 (0.097)*** Reported coefficient is for the “Total EIA effect” inclusive of 4-

and 8-year lags for the same specification as in their Table 2,

column 4. Baseline estimates differ slightly because BLY

originally used symmetric pair fixed effects whereas WZ use

asymmetric pair fixed effects. 41 countries, 1990-2002, every 4

years (N = 41, T = 4).

Larch et al. (2019) Euro 0.030 (0.042) 0.021 (0.046) The specification WZ replicate is their Table 1, column 5, which

in turn replicates the main specification from Glick and Rose

(2016). Standard errors shown differ because WZ cluster by pair.

213 countries, 1948-2013 (N = 213, T = 66).

Other CUs 0.700 (0.107)*** 0.708 (0.142)***

RTA 0.169 (0.040)*** 0.159 (0.050)***

Curr. Colony 0.545 (0.220)** 0.577 (0.262)**

This table shows replications of several recent papers that use three-way gravity models with exporter-time, importer-time, and country-pair fixed effects. Standard

errors shown in parentheses. Bias-corrected estimates use WZ’s analytical corrections for the point estimates and standard errors. * p < 0.10 , ** p < .05 , *** p < .01.
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Idea: the bootstrap as a bias correction method

Idea behind bootstap bias correction
Left: sampling distribution of a biased estimator
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Idea: the bootstrap as a bias correction method

Idea behind bootstap bias correction
Left: sampling distribution of a biased estimator

When we bootstrap the data, the bootstrap samples

are drawn from a “population” where the biased

estimate is the “truth”.

So:

1. The bias of each bootstrap estimate is 2x that of

the original estimate

2. We can estimate the bias by comparing the

average bootstrap estimate with the original

estimate.
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WHY?

Why bootstrap?

Even though there often exist other alternatives, bootstrap bias correction can be a good option!

▶ Potential for refinements along two margins using a single procedure

⋄ Bootstrap SEs seem to remove bias in confidence interval width (Pfaffermayr 2021)

▶ Very easy to implement analytically - only need to set the sampling process (clustered vs iid)

⋄ don’t need to derive/code complicated formulas for the bias

⋄ for gravity models, jackknife is itself computationally intensive

▶ computational efficiency can gained using k-step bootstrap (Kim and Sun 2016)
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HOW?

HOW you bootstrap turns out to matter

The literature offers a lot of alternatives, e.g.

▶ Traditional re-sampling bootstrap (“pairs bootstrap”)

▶ Parametric bootstrap

▶ Kline and Santos “wild score” bootstrap
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The literature offers a lot of alternatives, e.g.

▶ Traditional re-sampling bootstrap (“pairs bootstrap”)
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▶ Kline and Santos “wild score” bootstrap

“Fractional weight” bootstrap (“Bayesian bootstrap”)

Another option that has become popular recently:
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HOW?

HOW you bootstrap turns out to matter

The literature offers a lot of alternatives, e.g.

▶ Traditional re-sampling bootstrap (“pairs bootstrap”) Generally works well!

▶ Parametric bootstrap Not suitable for PML

▶ Kline and Santos “wild score” bootstrap Not meant for removing bias!

“Fractional weight” bootstrap (“Bayesian bootstrap”)

Another option that has become popular recently:
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HOW?

HOW you bootstrap turns out to matter

The literature offers a lot of alternatives, e.g.

▶ Traditional re-sampling bootstrap (“pairs bootstrap”) Generally works well!

▶ Parametric bootstrap Not suitable for PML

▶ Kline and Santos “wild score” bootstrap Not meant for removing bias!

“Fractional weight” bootstrap (“Bayesian bootstrap”)

Another option that has become popular recently:

Does surprisingly poorly compared to re-sampling approach!
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Contributions

Main contribution: Bootstrap as a bias correction method for two-way and three-way fixed effects models

estimated using pseudo-maximum likelihood.

Theory:
▶ new, simple proof of why the bootstrap removes the bias of two-way gravity estimates

⋄ does not require correctly specified likelihood

▶ extension: show cluster bootstrap provides a bias correction for panel data (three-way) gravity

estimates

▶ caveats: give practical examples of when seemingly correct bootstrap does not replicate the bias

Practical considerations:

▶ simulations and real data tests show bootstrap performs comparably to analytical correction methods

▶ compelling evidence that re-sampling bootstrap outperforms fractional weight bootstrap

▶ demonstrate efficacy of k-step bootstrap

▶ allowing fixed effects to reflect changing GE dependencies turns out not to matter

Zylkin (Richmond) Bootstrap for Gravity Models



Contributions

Main contribution: Bootstrap as a bias correction method for two-way and three-way fixed effects models

estimated using pseudo-maximum likelihood.

Theory:
▶ new, simple proof of why the bootstrap removes the bias of two-way gravity estimates

⋄ does not require correctly specified likelihood

▶ extension: show cluster bootstrap provides a bias correction for panel data (three-way) gravity

estimates

▶ caveats: give practical examples of when seemingly correct bootstrap does not replicate the bias

Practical considerations:

▶ simulations and real data tests show bootstrap performs comparably to analytical correction methods

▶ compelling evidence that re-sampling bootstrap outperforms fractional weight bootstrap

▶ demonstrate efficacy of k-step bootstrap

▶ allowing fixed effects to reflect changing GE dependencies turns out not to matter

Zylkin (Richmond) Bootstrap for Gravity Models



Contributions

Main contribution: Bootstrap as a bias correction method for two-way and three-way fixed effects models

estimated using pseudo-maximum likelihood.

Theory:
▶ new, simple proof of why the bootstrap removes the bias of two-way gravity estimates

⋄ does not require correctly specified likelihood

▶ extension: show cluster bootstrap provides a bias correction for panel data (three-way) gravity

estimates

▶ caveats: give practical examples of when seemingly correct bootstrap does not replicate the bias

Practical considerations:

▶ simulations and real data tests show bootstrap performs comparably to analytical correction methods

▶ compelling evidence that re-sampling bootstrap outperforms fractional weight bootstrap

▶ demonstrate efficacy of k-step bootstrap

▶ allowing fixed effects to reflect changing GE dependencies turns out not to matter

Zylkin (Richmond) Bootstrap for Gravity Models



Theory: Gravity Models & IPPs

Suitably generic gravity model (e.g. Anderson-Van Wincoop, Eaton-Kortum…):

yij =
yi
Π−𝜃
i

yj

P−𝜃j
𝜏−𝜃ij
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Theory: Gravity Models & IPPs

Suitably generic gravity model (e.g. Anderson-Van Wincoop, Eaton-Kortum…):

yij =
yi
Π−𝜃
i

yj

P−𝜃j
𝜏−𝜃ij

where

yi =
∑︁
j

yij , yj =
∑︁
i

yij , (market sizes)

Π−𝜃
i =

∑︁
j

yj

P−𝜃j
𝜏−𝜃ij , P−𝜃j =

∑︁
i

yi
Π−𝜃
i

𝜏−𝜃ij , (MRs)

𝜏−𝜃ij = exp(x ′ij𝛽)𝜔ij . (trade costs)

i ∈ 1..N , j ∈ 1..N index exporter and importer.

𝜃 : trade elasticity parameter.

𝜔ij = 𝜏−𝜃ij : “unobserved” trade cost shifter.
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Theory: Gravity Models & IPPs

Nonlinear estimating equation with “two-way” fixed effects:

E(yij |xij ,𝛼i ,𝛾j) = 𝜆ij := exp
(
𝛼i + 𝛾j + x ′ij𝛽

)
,

where

e𝛼i =
yi
Π−𝜃
i

, e𝛾j =
yj

P−𝜃j
, (FEs)

Π−𝜃
i =

∑︁
j

yj

P−𝜃j
𝜏−𝜃ij , P−𝜃j =

∑︁
i

yi
Π−𝜃
i

𝜏−𝜃ij , (MRs)

𝜏−𝜃ij = exp(x ′ij𝛽)𝜔ij . (trade costs)
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,

where
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Π−𝜃
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yj

P−𝜃j
, (FEs)

Π−𝜃
i =

∑︁
j

yj
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i
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Π−𝜃
i

𝜏−𝜃ij , (MRs)

𝜏−𝜃ij = exp(x ′ij𝛽)𝜔ij . (trade costs)

Notice how FEs depend on unobserved trade cost 𝜔ij .
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Theory: Gravity Models & IPPs

Nonlinear estimating equation with “two-way” fixed effects:

E(yij |xij ,𝛼i ,𝛾j) = 𝜆ij := exp
(
𝛼i + 𝛾j + x ′ij𝛽

)
,

where

e𝛼i =
yi
Π−𝜃
i

, e𝛾j =
yj

P−𝜃j
, (FEs)

Π−𝜃
i =

∑︁
j

yj

P−𝜃j
𝜏−𝜃ij , P−𝜃j =

∑︁
i

yi
Π−𝜃
i

𝜏−𝜃ij , (MRs)

𝜏−𝜃ij = exp(x ′ij𝛽)𝜔ij . (trade costs)

Notice how FEs depend on unobserved trade cost 𝜔ij .

=⇒ 𝛼i and 𝛾j will be estimated with noise, raising concerns about an incidental parameter bias in 𝛽 .
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Theory: Two-way gravity

Model

Suppose we have the following gravity model:

yij = exp
(
𝛼i + 𝛾j + xij𝛽

0

)
𝜔ij

▶ 𝛽0
: parameter of interest (effect of distance, trade agreement,…)

▶ 𝛼i , 𝛾j : exporter and importer fixed effects
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Theory: Two-way gravity

Model

Suppose we have the following gravity model:

yij = exp
(
𝛼i + 𝛾j + xij𝛽

0

)
𝜔ij

▶ 𝛽0
: parameter of interest (effect of distance, trade agreement,…)

▶ 𝛼i , 𝛾j : exporter and importer fixed effects

IPP bias in two-way FE models

From Fernandez-val and Weidner (2016), we know for two-way FE models that

E (𝛽) = 𝛽0 + 1

N
B∞𝛼 + 1

N
B∞𝛾 + higher-order terms

▶ B∞𝛼 , B∞𝛾 : asymptotic bias terms due to estimation noise in 𝛼i , 𝛾j

▶ For any two-way FE estimator, 𝛽 →d 𝛽0
as N → ∞ (consistency)
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Theory: Two-way gravity
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Figure: Figure from Weidner and Zylkin (2021)

From Fernandez-val and Weidner (2016), we know for

two-way FE models that

E (𝛽) = 𝛽0 + 1

N
B∞𝛼 + 1

N
B∞𝛾 + higher-order terms

Returning to figure from earlier:

▶ Most two-way PML estimators look like

bottom-left

▶ However, two-way Poisson PML (PPML) is a

special case where B∞𝛼 = B∞𝛾 = 0 (top right)
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Theory: Three-way gravity

Model

For the three-way gravity model (used with panel data), we have

yijt = exp
(
𝛼it + 𝛾jt + 𝜂ij + xijt𝛽

0

)
𝜔ijt

▶ 𝛽0
: coefficient for time-varying trade cost variables (FTA, tariffs)

▶ 𝛼it , 𝛾jt , 𝜂ij : exporter-time, importer-time and exporter-importer fixed effects

▶ assume time dimension (T ) is fixed.

Here, trade costs are specified 𝜏−𝜃ij = exp
(
𝜂ij + xijt𝛽

)
𝜔ijt . 𝜂ijabsorbs all time-invariant trade costs.
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Theory: Three-way gravity

Model

For the three-way gravity model (used with panel data), we have

yijt = exp
(
𝛼it + 𝛾jt + 𝜂ij + xijt𝛽

0

)
𝜔ijt

▶ 𝛽0
: coefficient for time-varying trade cost variables (FTA, tariffs)

▶ 𝛼it , 𝛾jt , 𝜂ij : exporter-time, importer-time and exporter-importer fixed effects

▶ assume time dimension (T ) is fixed.

IPP bias of three-way FE PPML estimator

For three-way PPML, it turns out the bias remains

E (𝛽) = 𝛽0 + 1

N
B∞𝛼 + 1

N
B∞𝛾 + higher-order terms

▶ B∞𝛼 , B∞𝛾 : asymptotic bias terms due to estimation noise in 𝛼it , 𝛾jt only

▶ Special property of PPML: can eliminate 𝜂ij ’s contribution to the bias (ensures consistency) more
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Summary of existing theoretical results

▶ For two-way PML estimators other than PPML:

1. coefficient estimates have a 1/N-bias as N → ∞
2. “robust” standard error estimates are downward biased as well

more

▶ For two-way PPML, only the standard errors are biased

▶ For the three-way PPML estimator

1. coefficient estimates have a 1/N-bias for N → ∞, fixed T

2. cluster-robust standard error estimates are biased as well

3. coefficient estimates are asymptotically unbiased as N, T → ∞ jointly.
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Why bootstrap bias correction works (theory)

For the original estimation, we have:

Model:

E (yij |xij , ..) = 𝜇ij := exp(𝛼i + 𝛾j + xij𝛽)

PML estimation:

(𝛽,𝛼 ,𝛾 ) = arg max
𝛽 ,𝛼 ,𝛾

L :=
∑︁
i,j

ℓij
(
𝛽,𝛼i ,𝛾j

)
▶ for PPML, ℓij = yij log 𝜇ij − 𝜇ij

▶ for Gamma PML, ℓij = yij/𝜇ij − log 𝜇ij
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Why bootstrap bias correction works (theory)

For the original estimation, we have:

Model:

E (yij |xij , ..) = 𝜇ij := exp(𝛼i + 𝛾j + xij𝛽)

PML estimation:

(𝛽,𝛼 ,𝛾 ) = arg max
𝛽 ,𝛼 ,𝛾

L :=
∑︁
i,j

ℓij
(
𝛽,𝛼i ,𝛾j

)
Bias (Fernandez-Val and Weidner 2016):

E(𝛽 − 𝛽0) ≈ H−1

N − 1

©­­«−
1

N

N∑︁
i=1

∑
j E

(
ℓ
∗𝛽k𝛼i
ij ℓ

𝛼i
ij

)
∑N

j≠i ℓ
𝛼i𝛼i
ij

+ 1

2N

N∑︁
i=1

(∑
j≠i ℓ

∗𝛽k𝛼i𝛼i
ij

) [∑
j≠i E

(
ℓ
𝛼i
ij ℓ

𝛼i
ij

)]
(∑N

j ℓ
𝛼i𝛼i
ij

)
2

− 1

N

N∑︁
j=1

∑
i E

(
ℓ
∗𝛽k𝛾j
ij ℓ

𝛾j
ij

)
∑

i≠j ℓ
𝛾j𝛾j
ij

+ 1

2N

N∑︁
j=1

(∑
i≠j ℓ

∗𝛽k𝛾j𝛾j
ij

) [∑
i≠j E

(
ℓ
𝛾j
ij ℓ

𝛾j
ij

)]
(∑

i≠j ℓ
𝛾j𝛾j
ij

)
2

ª®®¬
▶ an prder-1/N bias that depends on the partial derivatives and higher-order derivatives of ℓij .

▶ same order as the standard error (biased inferences!)
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Why bootstrap bias correction works (theory)

For each bootstrap estimate b = 1, ...,B, we have:

Model:

E (yij |xij , ..) = 𝜇ij := exp(𝛼i + 𝛾j + xij𝛽)

(weighted) PML estimation:

(𝛽,𝛼 ,𝛾 ) = arg max
𝛽 ,𝛼 ,𝛾

L :=
∑︁
i,j

Wij,bℓij
(
𝛽,𝛼i ,𝛾j

)
▶ For the resampling bootstrap, each bootstrap weight Wij,b is a random integer (0, 1, 2, ...)

▶ For the fractional weight bootstrap, each Wij,b is a continuous random variable.

▶ In either case, E(Wij,b) = Var (Wij,b) = 1.
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Why bootstrap bias correction works (theory)

For each bootstrap estimate b = 1, ...,B, we have:

Model:

E (yij |xij , ..) = 𝜇ij := exp(𝛼i + 𝛾j + xij𝛽)

(weighted) PML estimation:

(𝛽,𝛼 ,𝛾 ) = arg max
𝛽 ,𝛼 ,𝛾

L :=
∑︁
i,j

Wij,bℓij
(
𝛽,𝛼i ,𝛾j

)
▶ For the resampling bootstrap, each bootstrap weight Wij,b is a random integer (0, 1, 2, ...)

▶ For the fractional weight bootstrap, each Wij,b is a continuous random variable.

▶ In either case, E(Wij,b) = Var (Wij,b) = 1.

Question: What is E[W 2

ij,b ]?
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Why bootstrap bias correction works (theory)

For each bootstrap estimate b = 1, ...,B, we have:

Model:

E (yij |xij , ..) = 𝜇ij := exp(𝛼i + 𝛾j + xij𝛽)

(weighted) PML estimation:

(𝛽,𝛼 ,𝛾 ) = arg max
𝛽 ,𝛼 ,𝛾

L :=
∑︁
i,j

Wij,bℓij
(
𝛽,𝛼i ,𝛾j

)
▶ For the resampling bootstrap, each bootstrap weight Wij,b is a random integer (0, 1, 2, ...)

▶ For the fractional weight bootstrap, each Wij,b is a continuous random variable.

▶ In either case, E(Wij,b) = Var (Wij,b) = 1.

Question: What is E[W 2

ij,b ]? E[W
2

ij,b ] = 2
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Why bootstrap bias correction works (theory)

For each bootstrap estimate b = 1, ...,B, we have:

Model:

E (yij |xij , ..) = 𝜇ij := exp(𝛼i + 𝛾j + xij𝛽)

(weighted) PML estimation:

(𝛽,𝛼 ,𝛾 ) = arg max
𝛽 ,𝛼 ,𝛾

L :=
∑︁
i,j

Wij,bℓij
(
𝛽,𝛼i ,𝛾j

)
The asymptotic bias of each bootstrap estimate is:

E(𝛽 − 𝛽0) ≈ H−1

N − 1
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N∑︁
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∑
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Why bootstrap bias correction works (theory)

For each bootstrap estimate b = 1, ...,B, we have:

Model:

E (yij |xij , ..) = 𝜇ij := exp(𝛼i + 𝛾j + xij𝛽)

(weighted) PML estimation:

(𝛽,𝛼 ,𝛾 ) = arg max
𝛽 ,𝛼 ,𝛾

L :=
∑︁
i,j

Wij,bℓij
(
𝛽,𝛼i ,𝛾j

)
As N → ∞, we have

E(𝛽 − 𝛽0) ≈ H−1

N − 1
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Each bootstrap estimate has two times the bias of the original estimate.
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Bootstrap bias correction for three-way PPML

For the original estimation, we have:

Model:

E (yijt |xijt , ..) = 𝜇ijt := exp(𝛼it + 𝛾jt + 𝜂ij + xijt𝛽)

PPML estimation:

(𝛽,𝛼 ,𝛾 ,𝜂) = arg max
𝛽 ,𝛼 ,𝛾 ,𝜂

L :=
∑︁
i,j,t

ℓijt =
∑︁
i,j,t

yijt log 𝜇ijt − 𝜇ijt
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Bootstrap bias correction for three-way PPML

For the original estimation, we have:

Model:

E (yijt |xijt , ..) = 𝜇ijt := exp(𝛼it + 𝛾jt + 𝜂ij + xijt𝛽)

PPML estimation:

(𝛽,𝛼 ,𝛾 ,𝜂) = arg max
𝛽 ,𝛼 ,𝛾 ,𝜂

L :=
∑︁
i,j,t

ℓijt =
∑︁
i,j,t

yijt log 𝜇ijt − 𝜇ijt

WZ trick: re-cast as two-way multinomial likelihood

ℓij :=
T∑︁
t=1

yijt ln
©­­«

exp
[
𝛼it + 𝛾jt + x ′ijt𝛽

]
∑T
s=1

exp
[
𝛼it + 𝛾jt + x ′ijt𝛽

] ª®®¬ +
terms not depending

on any parameters

(Eliminates 𝜂; unique to PPML!)
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Bootstrap bias correction for three-way PPML

For the original estimation, we have:

Model:

E (yijt |xijt , ..) = 𝜇ijt := exp(𝛼it + 𝛾jt + 𝜂ij + xijt𝛽)

Two-way multinomial representation

(𝛽,𝛼 ,𝛾 ) = arg max
𝛽 ,𝛼 ,𝛾

L :=
∑︁
i,j

ℓij =
∑︁
i,j

T∑︁
t=1

yijt ln
©­­«

exp
[
𝛼it + 𝛾jt + x′ijt𝛽

]
∑T

s=1
exp

[
𝛼it + 𝛾jt + x′ijt𝛽

] ª®®¬
Bias (Weidner and Zylkin 2021):
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(same form as previous bias formula except it involves T -vectors and T × T matrices instead of scalars.)
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Bootstrap bias correction for three-way PPML

For b = 1, ...,B, we use a cluster bootstrap:

Model:

E (yijt |xijt , ..) = 𝜇ijt := exp(𝛼it + 𝛾jt + 𝜂ij + xijt𝛽)

Weighted PML estimation:

(𝛽,𝛼 ,𝛾 ,𝜂) = arg max
𝛽 ,𝛼 ,𝛾 ,𝜂

L :=
∑︁
i,j

Wij,b

∑︁
t

ℓijt

▶ Wij,b in this case is specific to each ij pair

▶ For the re-sampling bootstrap we re-sample pairs (clusters) rather than individual observations
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Bootstrap bias correction for three-way PPML

For b = 1, ...,B, we use a cluster bootstrap:

Model:

E (yijt |xijt , ..) = 𝜇ijt := exp(𝛼it + 𝛾jt + 𝜂ij + xijt𝛽)

cluster-weighted PPML estimation:

(𝛽,𝛼 ,𝛾 ,𝜂) = arg max
𝛽 ,𝛼 ,𝛾 ,𝜂

L :=
∑︁
i,j

Wij,b

∑︁
t

ℓijt

Bias of each bootstrap estimate:

E(𝛽 − 𝛽0) ≈ H−1
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−1 + ...

ª®¬
As N → ∞, the W 2

ij,b terms again double the original bias.
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Other corrections used in simulatons

Analytical methods
Derive analytical formulas for the bias using Taylor expansions:

▶ Point estimates: Fernandez-val and Weidner (2016), Weidner and Zylkin (2021)

▶ “HC2” / “CR2” Standard errors: Weidner and Zylkin (2021)

Jackknife
For standard error corrections:

▶ each jackknife sample holds out one observation at a time

▶ compute “jackknife SEs” based on the standard deviation of the jackknife samples

For correcting point estimates:

▶ “N-jackknife”: hold out one country at a time to inflate the 1/N bias

▶ “split-panel jackknife” (SPJ): hold out half the exporters/importers at time (4 subsamples)
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Horse race!

For the two-way gravity model
▶ Simulate yij = exp(𝛼i + 𝛾j + xij𝛽)𝜔ij

▶ Estimate using both PPML and Gamma PML

▶ Standard error corrections (for both estimators): analytical (“HC2”), different flavors of bootstrap,

jackknife

▶ Bias corrections (for Gamma only): analytical, different flavors of bootstrap, split-panel jackknife

For the three-way gravity model
▶ Simulate yijt = exp(𝛼it + 𝛾jt + 𝜂ij + xijt𝛽)𝜔ijt

▶ Estimate using PPML only

▶ Experiment with different corrections for both the point estimates and the standard errors

For all simulations: 1000 replications, 250 bootstrap draws per replication, N = 50 or 100
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Simulation results: Standard errors for 2-way PPML
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Left: PPML is correctly specified: Var (𝜔ij) = 𝜅𝜇ij .

Right: Gamma PML is correctly specified: Var (𝜔ij) = 𝜅𝜇2

ij .

The red line is the standard deviation of estimates across simulations
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Simulation results: Standard errors for 2-way Gamma PML
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Jackknife SEs have very wide dispersion (another look)

This is a “strip plot” for PPML estimates from case 2.

Zylkin (Richmond) Bootstrap for Gravity Models



Table: Improving coverage for two-way FE-PML gravity estimators (case 1)

N=50 N=100
Bias Bias/SD SE/SD 95% Cov. Bias Bias/SD SE/SD 95% Cov.

A. PPML (case 1)

PPML, uncorrected -0.001 -0.058 0.935 0.936 … … … …

PPML with corrected SEs/CIs
Bootstrap SEs -0.001 -0.058 1.003 0.954 … … … …

2-step bootstrap SEs -0.001 -0.058 1.003 0.954

FRW bootstrap SEs -0.001 -0.058 0.926 0.938

Jackknife SEs -0.001 -0.058 1.032 0.955

Analytical (HC2) SEs -0.001 -0.058 0.982 0.950

B. Gamma PML (case 1)

Gamma PML, uncorrected 0.037 1.092 0.911 0.722 … … … …

Re-centered Gamma PML
Analytical BC 0.010 0.256 0.789 0.875 … … … …

Bootstrap BC 0.016 0.438 0.850 0.870

2-step Bootstrap BC 0.016 0.424 0.832 0.865

FRW boot BC 0.020 0.569 0.867 0.854

Split-panel Jackknife BC 0.011 0.293 0.828 0.884

Node Jackknife BC 0.008 0.208 0.798 0.881

Fully corrected Gamma PML (top 3 + selected others)

SPJ + bootstrap SEs 0.011 0.293 0.993 0.932 … … … …

Node J. + bootstrap SEs 0.008 0.208 0.957 0.926

Analytical + bootstrap SEs 0.010 0.256 0.946 0.924

Bootstrap + bootstrap SEs 0.016 0.438 1.018 0.918

FRWB + FRWB SEs 0.020 0.569 0.891 0.865

Analytical + HC2 SEs 0.010 0.256 0.806 0.884

SPJ + Jackknife SEs 0.011 0.293 0.933 0.918

Notes: 1,000 repetitions + 250 bootstrap trials per repetition. Model: yij = exp(𝛼i + 𝛾j + 0.5xij)𝜔ij . Case 1 is the case where PPML is correctly specified.
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Table: Improving coverage for two-way FE-PML gravity estimators (case 1)

N=50 N=100
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FRW bootstrap SEs -0.001 -0.058 0.926 0.938 0.001 0.047 0.9309 0.934

Jackknife SEs -0.001 -0.058 1.032 0.955 0.001 0.047 0.9878 0.945

Analytical (HC2) SEs -0.001 -0.058 0.982 0.950 0.001 0.047 0.9633 0.947

B. Gamma PML (case 1)

Gamma PML, uncorrected 0.037 1.092 0.911 0.722 0.023 1.236 0.927 0.695

Re-centered Gamma PML
Analytical BC 0.010 0.256 0.789 0.875 0.005 0.248 0.823 0.874

Bootstrap BC 0.016 0.438 0.850 0.870 0.009 0.446 0.871 0.870

2-step Bootstrap BC 0.016 0.424 0.832 0.865 0.008 0.403 0.853 0.873

FRW boot BC 0.020 0.569 0.867 0.854 0.011 0.564 0.915 0.917

Split-panel Jackknife BC 0.011 0.293 0.828 0.884 0.006 0.322 0.861 0.880

Node Jackknife BC 0.008 0.208 0.798 0.881 0.004 0.217 0.829 0.882

Fully corrected Gamma PML (top 3 + selected others)

SPJ + bootstrap SEs 0.011 0.293 0.993 0.932 0.006 0.322 1.078 0.946

Node J. + bootstrap SEs 0.008 0.208 0.957 0.926 0.004 0.217 1.038 0.952

Analytical + bootstrap SEs 0.010 0.256 0.946 0.924 0.005 0.248 1.031 0.945

Bootstrap + bootstrap SEs 0.016 0.438 1.018 0.918 0.009 0.446 1.091 0.938

FRWB + FRWB SEs 0.020 0.569 0.891 0.865 0.011 0.564 0.985 0.892

Analytical + HC2 SEs 0.010 0.256 0.806 0.884 0.005 0.248 0.832 0.876

SPJ + Jackknife SEs 0.011 0.293 0.933 0.918 0.006 0.322 0.893 0.874

Notes: 1,000 repetitions + 250 bootstrap trials per repetition. Model: yij = exp(𝛼i + 𝛾j + 0.5xij)𝜔ij . Case 1 is the case where PPML is correctly specified.



Table: Improving coverage for two-way FE-PML gravity estimators (case 2)

N=50 N=100
Bias Bias/SD SE/SD 95% Cov. Bias Bias/SD SE/SD 95% Cov.

A. PPML (case 2)

PPML, uncorrected -0.003 -0.054 0.770 0.874 0.003 0.011 0.845 0.906

PPML with corrected SEs/CIs
Bootstrap SEs -0.003 -0.054 0.832 0.906 0.003 0.011 .8589 .917

2-step bootstrap SEs -0.003 -0.054 0.833 0.906 0.003 0.011 .8595 .917

FRW bootstrap SEs -0.003 -0.054 0.720 0.848 0.003 0.011 .783 .882

Jackknife SEs -0.003 -0.054 0.969 0.911 0.003 0.011 .9167 .886

Analytical (HC2) SEs -0.003 -0.054 0.866 0.911 0.003 0.011 .9049 .927

B. Gamma PML (case 2)

Gamma PML, uncorrected -0.001 -0.023 0.958 0.943 0.0004 0.030 0.954 0.939

Re-centered Gamma PML
Analytical BC -0.001 -0.023 0.915 0.926 0.0005 0.031 0.921 0.929

Bootstrap BC -0.001 -0.024 0.926 0.935 0.0004 0.030 0.925 0.928

2-step Bootstrap BC -0.001 -0.046 0.928 0.933 0.0003 0.021 0.877 0.913

FRW boot BC -0.001 -0.019 0.930 0.933 0.0005 0.032 0.929 0.931

Split-panel Jackknife BC -0.001 -0.022 0.867 0.909 0.0005 0.031 0.924 0.929

Node Jackknife BC -0.000 -0.015 0.901 0.925 -0.0003 -0.019 0.919 0.927

Fully corrected Gamma PML (top 3 + selected others)

SPJ + Jackknife SEs -0.001 -0.022 1.002 0.950 0.0005 0.031 0.965 0.939

Node J. + Jackknife SEs -0.000 -0.015 0.986 0.951 -0.0003 -0.019 0.960 0.939

Analytical + jackknife SEs -0.001 -0.023 1.001 0.949 0.0005 0.031 0.963 0.938

Bootstrap + bootstrap SEs -0.001 -0.024 0.928 0.932 0.0004 0.030 0.908 0.920

FRWB + FRWB SEs -0.001 -0.019 0.855 0.906 0.0005 0.032 0.867 0.909

Analytical + HC2 SEs -0.001 -0.023 0.934 0.935 0.0004 0.030 0.963 0.943

Uncorrected + boot. SEs -0.001 -0.023 0.959 0.940 0.0004 0.030 0.937 0.933

Uncorrected + jack SEs -0.001 -0.023 1.048 0.960 0.0004 0.030 0.996 0.948

Notes: 1,000 repetitions + 250 bootstrap trials per repetition. Model: yij = exp(𝛼i + 𝛾j + 0.5xij)𝜔ij . Case 2 is the case where Gamma PML is correctly specified.



Takeaways from two-way model simulations

Best overall methods
▶ For correcting SEs only: re-sample bootstrap, HC2, jackknife*

▶ For correcting both point estimates and SEs:

⋄ jackknife or analytical re-centering + bootstrap SEs

⋄ bootstrap re-centering + bootstrap SEs

⋄ other combinations specific to each model + estimator

Other results
▶ Fractional weight bootstrap appears to reduce less bias than re-sampling bootstrap

▶ Jackknife SEs tend to be over-conservative, can be wildly over-conservative due to large variance

▶ Computationally efficient (2-step and 3-step) bootstrap variants work well.

Zylkin (Richmond) Bootstrap for Gravity Models



Table: Improving coverage for the three-way FE-PPML gravity estimator (N=50,T=10)

Case 1 Case 2
Bias Bias/SD SE/SD 95% Cov. Bias Bias/SD SE/SD 95% Cov.

PPML, uncorrected 0.0039 0.4675 0.9321 0.896 -0.0026 -0.1757 0.8441 0.893

Re-centered PPML (w/ uncorrected SEs)
Analytical BC 0.0004 0.0487 0.9275 0.921 -0.0019 -0.1197 0.7932 0.875

Bootstrap BC 0.0002 0.0188 0.9205 0.929 -0.0025 -0.1574 0.7917 0.875

2-step bootstrap BC 0.0002 0.0235 0.9206 0.929 -0.0022 -0.1441 0.7913 0.874

FRW bootstrap BC 0.0006 0.0701 0.9220 0.927 -0.0027 -0.1725 0.7904 0.882

Uncorrected PPML with corrected SEs
WZ CR2 SEs 0.0039 0.4675 0.9820 0.920 -0.0026 -0.1757 0.9336 0.927

Bootstrap SEs 0.0039 0.4675 1.0816 0.946 -0.0026 -0.1757 0.8949 0.916

2-step bootstrap SEs 0.0039 0.4675 1.0798 0.946 -0.0026 -0.1757 0.8952 0.916

FRW bootstrap SEs 0.0039 0.4675 0.9927 0.925 -0.0026 -0.1757 0.7912 0.876

Fully corrected PPML
Analytical + CR2 SEs 0.0004 0.0487 0.9717 0.945 -0.0019 -0.1197 0.8706 0.898

Bootstrap + bootstrap SEs 0.0002 0.0188 1.0681 0.960 -0.0025 -0.1574 0.8288 0.891

2-step bootstrap (BC + SEs) 0.0002 0.0235 1.0665 0.960 -0.0022 -0.1441 0.8288 0.890

FRWB + FRWB SEs 0.0006 0.0701 0.9819 0.946 0.0005 0.032 0.7408 0.860

Notes: 1,000 repetitions + 250 bootstrap trials per repetition. Model: yijt = exp(𝛼it + 𝛾jt + 𝜂ij + 0.5xijt )𝜔ijt . Case 1 is the case where PPML is correctly specified. Case 2

is the case where Gamma PML is correctly specified.



Table: Improving coverage for the three-way FE-PPML gravity estimator (N=50,T=10)

Case 1 Case 2
Bias Bias/SD SE/SD 95% Cov. Bias Bias/SD SE/SD 95% Cov.

PPML, uncorrected 0.0039 0.4675 0.9321 0.896 -0.0026 -0.1751 0.8412 0.892

Re-centered PPML (w/ uncorrected SEs)
Analytical BC 0.0005 0.0543 0.9221 0.928 -0.0018 -0.1135 0.7804 0.877

Bootstrap BC 0.0002 0.0188 0.9205 0.929 -0.0025 -0.1574 0.7917 0.875

2-step bootstrap BC 0.0002 0.0235 0.9206 0.929 -0.0022 -0.1441 0.7913 0.874

FRW bootstrap BC 0.0006 0.0701 0.9220 0.927 -0.0027 -0.1725 0.7904 0.882

Uncorrected PPML with corrected SEs
WZ CR2 SEs 0.0039 0.4675 0.9784 0.917 -0.0026 -0.1757 0.9336 0.927

Bootstrap SEs 0.0039 0.4675 1.0816 0.946 -0.0026 -0.1757 0.8949 0.916

2-step bootstrap SEs 0.0039 0.4675 1.0798 0.946 -0.0026 -0.1757 0.8952 0.916

FRW bootstrap SEs 0.0039 0.4675 0.9927 0.925 -0.0026 -0.1757 0.7912 0.876

Fully corrected PPML
Analytical + CR2 SEs 0.0005 0.0543 0.9678 0.945 -0.0018 -0.1135 0.8616 0.905

Bootstrap + bootstrap SEs 0.0002 0.0188 1.0681 0.960 -0.0025 -0.1574 0.8288 0.891

2-step bootstrap (BC + SEs) 0.0002 0.0235 1.0665 0.960 -0.0022 -0.1441 0.8288 0.890

FRWB + FRWB SEs 0.0006 0.0701 0.9819 0.946 0.0005 0.032 0.7408 0.860

Notes: 1,000 repetitions + 250 bootstrap trials per repetition. Model: yijt = exp(𝛼it + 𝛾jt + 𝜂ij + 0.5xijt )𝜔ijt . Case 1 is the case where PPML is correctly specified. Case 2

is the case where Gamma PML is correctly specified.



Table: Improving coverage for the three-way FE-PPML gravity estimator (N=50,T=10)

Case 1 Case 2
Bias Bias/SD SE/SD 95% Cov. Bias Bias/SD SE/SD 95% Cov.

PPML, uncorrected 0.0039 0.4675 0.9321 0.896 -0.0026 -0.1751 0.8412 0.892

Re-centered PPML (w/ uncorrected SEs)
Analytical BC 0.0005 0.0543 0.9221 0.928 -0.0018 -0.1135 0.7804 0.877

Bootstrap BC 0.0002 0.0188 0.9205 0.929 -0.0025 -0.1574 0.7917 0.875

2-step bootstrap BC 0.0002 0.0235 0.9206 0.929 -0.0022 -0.1441 0.7913 0.874

FRW bootstrap BC 0.0006 0.0701 0.9220 0.927 -0.0027 -0.1725 0.7904 0.882

Uncorrected PPML with corrected SEs
WZ CR2 SEs 0.0039 0.4675 0.9784 0.917 -0.0026 -0.1757 0.9336 0.927

Bootstrap SEs 0.0039 0.4675 1.0816 0.946 -0.0026 -0.1757 0.8949 0.916

2-step bootstrap SEs 0.0039 0.4675 1.0798 0.946 -0.0026 -0.1757 0.8952 0.916

FRW bootstrap SEs 0.0039 0.4675 0.9927 0.925 -0.0026 -0.1757 0.7912 0.876

Fully corrected PPML
Analytical + CR2 SEs 0.0005 0.0543 0.9678 0.945 -0.0018 -0.1135 0.8616 0.905

Bootstrap + bootstrap SEs 0.0002 0.0188 1.0681 0.960 -0.0025 -0.1574 0.8288 0.891

2-step bootstrap (BC + SEs) 0.0002 0.0235 1.0665 0.960 -0.0022 -0.1441 0.8288 0.890

FRWB + FRWB SEs 0.0006 0.0701 0.9819 0.946 0.0005 0.032 0.7408 0.860

Notes: 1,000 repetitions + 250 bootstrap trials per repetition. Model: yijt = exp(𝛼it + 𝛾jt + 𝜂ij + 0.5xijt )𝜔ijt . Case 1 is the case where PPML is correctly specified. Case 2

is the case where Gamma PML is correctly specified.



Further takeaways from three-way model simulations

▶ Analytical methods seem the overall best so far

⋄ Work in progress; still need to add jackknife results

▶ Bootstrap corrections are competitive

▶ FRWB works well for case 1, but makes inference worse in case 2

Zylkin (Richmond) Bootstrap for Gravity Models



Empirical application (3 way PPML)

As an empirical application, I use a three-way gravity model:

yijt = exp
(
𝛼it + 𝛾jt + 𝜂ij + 𝛽FTAijt

)
𝜔ijt .

▶ Estimate with PPML (will have 1/N bias due to 𝛼it and 𝛾jt )

▶ Data: same as Weidner and Zylkin (Total trade for 165 countries, 1995-2015, every 5 years)

Zylkin (Richmond) Bootstrap for Gravity Models



Empirical application (3 way PPML)

As an empirical application, I use a three-way gravity model:

yijt = exp
(
𝛼it + 𝛾jt + 𝜂ij + 𝛽FTAijt

)
𝜔ijt .

▶ Estimate with PPML (will have 1/N bias due to 𝛼it and 𝛾jt )

▶ Data: same as Weidner and Zylkin (Total trade for 165 countries, 1995-2015, every 5 years)

Estimate Standard Error

PPML (𝛽) .0821 Cluster-Robust (CR1) .0275

WZ analytical BC (𝛽A) .0857 Weidner-Zylkin CR2 .0305

Avg. bootstrap estimate (𝛽B) .0786 Weidner-Zylkin approx. .0304

Bootstrap BC (2𝛽 − 𝛽B) .0856 Bootstrap SE .0304

Bootstrap the analytical BC .0818 FRWB SE .0261

Avg, FRWB estimate (𝛽F ) .0794

Bootstrap BC (2𝛽 − 𝛽F ) .0848

Zylkin (Richmond) Bootstrap for Gravity Models



Empirical application (3 way PPML)

As an empirical application, I use a three-way gravity model:

yijt = exp
(
𝛼it + 𝛾jt + 𝜂ij + 𝛽FTAijt

)
𝜔ijt .

▶ Estimate with PPML (will have 1/N bias due to 𝛼it and 𝛾jt )

▶ Data: same as Weidner and Zylkin (Total trade for 165 countries, 1995-2015, every 5 years)

Estimate Standard Error

PPML (𝛽) .0821 Cluster-Robust (CR1) .0275

WZ analytical BC (𝛽A) .0857 Weidner-Zylkin CR2 .0305

Avg. bootstrap estimate (𝛽B) .0786 Weidner-Zylkin approx. .0304

Bootstrap BC (2𝛽 − 𝛽B) .0856 Bootstrap SE .0304

Bootstrap the analytical BC .0818 FRWB SE .0261

Avg, FRWB estimate (𝛽F ) .0794

FRWB BC (2𝛽 − 𝛽F ) .0848
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Further considerations

▶ What if, instead of simply bootstrapping the data, we re-simulate a GE trade model in each bootstrap

trial?

This turns out not to matter. more

▶ For more general settings,

⋄ What type of bootstrap (clustered vs. iid) should be used in what setting?

It depends on what dimensions are held fixed.
⋄ Can we just use the same bootstrap we would normally use for the SEs to also estimate the bias?

Unfortunately no. more

Zylkin (Richmond) Bootstrap for Gravity Models



Last slide

Overall takeaways
▶ Bootstrap methods are effective for improving inference for two-way and three-way PML gravity

estimators

▶ How you bootstrap matters

⋄ “Fractional weight” bootstrap performs comparatively poorly

⋄ Cluster bootstrap should be used for 3-way model with fixed T

▶ k-step bootstrap offers computational efficiency

When would you want to use bootstrap for bias correction?
▶ Can correct SEs and point estimates using one procedure rather than two.

▶ Doesn’t require deriving/coding the analytical formula for the bias

Zylkin (Richmond) Bootstrap for Gravity Models
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Why FE-PPML is different

The PPML estimator we like in trade happens to have special properties when it comes to IPPs…

Easiest to see using the classic “one-way” FE-PPML model:

E(yit |xit ,𝛼i) = 𝜆it := exp(x ′it𝛽 + 𝛼i) . (1)

The FOC’s of this model are

N∑︁
i=1

T∑︁
t=1

xit
(
yit − 𝜆it

)
= 0, ∀i :

T∑︁
t=1

(
yit − 𝜆it

)
= 0, (2)

Solving for 𝛼i (𝛽) and plugging the expression back into the FOC for 𝛽 we find

N∑︁
i=1

T∑︁
t=1

xit

[
yit −

exp(x ′it𝛽)∑T
s=1

exp(x ′is𝛽)

T∑︁
s=1

yis

]
= 0, (3)

which resembles a Multinomial model. back
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Why FE-PPML is different

The “one-way” FE-PPML model
“Profile-adjusted” score for one-way FE-PPML

N∑︁
i=1

T∑︁
t=1

xit

[
yit −

exp(x ′it𝛽)∑T
s=1

exp(x ′is𝛽)

T∑︁
s=1

yis

]
= 0.

▶ As discussed in Wooldridge (1999):

⋄ The profile-adjusted FE-Poisson score is unbiased asymptotically (also ensures consistency)

⋄ Only requirements are conditional exogeneity of xit , conditional mean correctly specified

⋄ Poisson distributional assumption not needed

⋄ Similar to general PML results emphasized in Gourieroux, Monfort and Trognon (1984), Santos Silva &

Tenreyro (2006)

back
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Three-way FE-PPML Gravity Model

Let i, j ∈ 1..N , t ∈ 1..T . The three-way FE-PPML gravity model reads as

E(yijt |xijt ,𝛼it ,𝛾jt ,𝜂ij) = 𝜆ijt := exp(x ′ijt𝛽 + 𝛼it + 𝛾jt + 𝜂ij),

▶ xijt : time-varying gravity covariates (FTAs, tariffs, new transportation links…)

▶ 𝛼it , 𝛾jt : changes in market size and mult. resistance over time

▶ 𝜂ij : reflects time-invariant component of trade costs (e𝜂ij = 𝜏−𝜃ij ).

Zylkin (Richmond) Bootstrap for Gravity Models



Three-way FE-PPML Gravity Model

Let i, j ∈ 1..N , t ∈ 1..T . The three-way FE-PPML gravity model reads as

E(yijt |xijt ,𝛼it ,𝛾jt ,𝜂ij) = 𝜆ijt := exp(x ′ijt𝛽 + 𝛼it + 𝛾jt + 𝜂ij),

The FOC’s are

𝛽:
N∑︁
i=1

N∑︁
j=1

T∑︁
t=1

xijt
(
yijt − 𝜆ijt

)
= 0, 𝛼it:

N∑︁
j=1

(
yijt − 𝜆ijt

)
= 0,

𝛾jt:
N∑︁
i=1

(
yijt − 𝜆ijt

)
= 0, 𝜂ij:

T∑︁
t=1

(
yijt − 𝜆ijt

)
= 0,
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Three-way FE-PPML Gravity Model

Let i, j ∈ 1..N , t ∈ 1..T . The three-way FE-PPML gravity model reads as

E(yijt |xijt ,𝛼it ,𝛾jt ,𝜂ij) = 𝜆ijt := exp(x ′ijt𝛽 + 𝛼it + 𝛾jt + 𝜂ij),

The FOC’s are

𝛽:
N∑︁
i=1

N∑︁
j=1

T∑︁
t=1

xijt
(
yijt − 𝜆ijt

)
= 0, 𝛼it:

N∑︁
j=1

(
yijt − 𝜆ijt

)
= 0,

𝛾jt:
N∑︁
i=1

(
yijt − 𝜆ijt

)
= 0, 𝜂ij:

T∑︁
t=1

(
yijt − 𝜆ijt

)
= 0,

Observation: as N → ∞, only the number of pair FEs grows with the size of the cross-section (N ×N). Other

FE dimensions only grow with N .
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Three-way FE-PPML Gravity Model

▶ Let i, j ∈ 1..N , t ∈ 1..T . The three-way FE-PPML gravity model reads as

E(yijt |xijt ,𝛼it ,𝛾jt ,𝜂ij) = 𝜆ijt := exp(x ′ijt𝛽 + 𝛼it + 𝛾jt + 𝜂ij),

▶ For given values of 𝛽,𝛼,𝛾 , the FOC for 𝜂ij gives us

exp
[
𝜂ij (𝛽,𝛼,𝛾)

]
=

∑T
t=1

yijt∑T
t=1

𝜇ijt
𝜇ijt := exp

(
x ′ijt𝛽 + 𝛼it + 𝛾ijt

)

▶ Plugging in this solution to the FOCs for 𝛽 , 𝛼it , and 𝛾jt , then gives us an equivalent two-way
estimator for 𝛽 that does not depend on 𝜂ij :

𝛽:
N∑︁
i=1

N∑︁
j=1

T∑︁
t=1

xijt

(
yijt −

𝜇ijt∑T
s=1

𝜇ijs

T∑︁
s=1

yijt

)
= 0, 𝛼it:

N∑︁
j=1

(
yijt −

𝜇ijt∑T
s=1

𝜇ijs

T∑︁
s=1

yijt

)
𝛾jt:

N∑︁
i=1

(
yijt −

𝜇ijt∑T
s=1

𝜇ijs

T∑︁
s=1

yijt

)
= 0. = 0.

back
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▶ Plugging in this solution to the FOCs for 𝛽 , 𝛼it , and 𝛾jt , then gives us an equivalent two-way

estimator for 𝛽 that does not depend on 𝜂ij :

𝛽:
N∑︁
i=1

N∑︁
j=1

T∑︁
t=1

xijt

(
yijt −

𝜇ijt∑T
s=1

𝜇ijs

T∑︁
s=1

yijt

)
= 0, 𝛼it:

N∑︁
j=1

(
yijt −

𝜇ijt∑T
s=1

𝜇ijs

T∑︁
s=1

yijt

)
𝛾jt:

N∑︁
i=1

(
yijt −

𝜇ijt∑T
s=1

𝜇ijs

T∑︁
s=1

yijt

)
= 0. = 0.

back
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Downward Bias in the Robust Standard Errors

▶ Asymptotic variance of 𝛽 :

Var (𝛽 − 𝛽0) = W−1

N ΩNW
−1

N , ΩN :=
∑︁
i,j

x̃ ′ijSijS
′
ij x̃ij .

▶ Cluster-robust “sandwich” estimator:

V̂ar (𝛽 − 𝛽0) = Ŵ−1

N Ω̂NŴ
−1

N , Ω̂N :=
∑︁
i,j

x̃ ′ij Ŝij Ŝ
′
ij x̃ij .
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Downward Bias in the Robust Standard Errors

▶ Asymptotic variance of 𝛽 :

Var (𝛽 − 𝛽0) = W−1

N ΩNW
−1

N , ΩN :=
∑︁
i,j

x̃ ′ijSijS
′
ij x̃ij .

▶ Cluster-robust “sandwich” estimator:

V̂ar (𝛽 − 𝛽0) = Ŵ−1

N Ω̂NŴ
−1

N , Ω̂N :=
∑︁
i,j

x̃ ′ij Ŝij Ŝ
′
ij x̃ij .

▶ However, since we only have the estimated scores, we have

E
[
Ŝij Ŝ

′
ij

]
≈ SijS

′
ij − O(1/N2) bias term︸                  ︷︷                  ︸

from noise in 𝛽

−O(1/N) bias term︸                 ︷︷                 ︸
from noise in FEs

,

such that the cluster-robust “sandwich” estimator has a 1/N bias as N → ∞.

Note: Ŝij = yij − 𝜇̂ij . back
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Downward Bias in the Robust Standard Errors

▶ Cluster-robust “sandwich” estimator:

V̂ar (𝛽 − 𝛽0) = Ŵ−1

N Ω̂NŴ
−1

N , Ω̂N :=
∑︁
i,j

x̃ ′ij Ŝij Ŝ
′
ij x̃ij .

▶ However, since we only have the estimated scores, we have

E
[
Ŝij Ŝ

′
ij

]
≈ SijS

′
ij − O(1/N2) bias term︸                  ︷︷                  ︸

from noise in 𝛽

−O(1/N) bias term︸                 ︷︷                 ︸
from noise in FEs

,

such that the cluster-robust “sandwich” estimator has a 1/N bias.

⋄ Downward bias is for similar reason as in MacKinnon and White (1985), Cameron et al. (2008)

⋄ Order is 1/N (not 1/N2!) due to slow convergence of 𝛼it ’s and 𝛾jt ’s

Note: Ŝij = yij − 𝜇̂ij . back
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Structural bootstrap

The statistical bootstrap works by shuffling the data in order to simulate new samples.

However for trade data, arguably each new sample is a different version of the world that should have

different GE terms than the original sample.

Procedure:

1. Draw bootstrap samples as normal

2. In each sample:

2.1 construct new market sizes yi by summing across total bootstrapped trade flows for each country

2.2 re-solve for multilateral resistances, weighting each observation by how often it appears in the boot sample.

(this is equivalent to re-sampling the trade cost term from the gravity model.)
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Structural bootstrap

The model for the original data is

yij = exp
(
𝛼i + 𝛾j + x ′ij𝛽

)
𝜔ij ,

where

e𝛼i =
yi
Π−𝜃
i

, e𝛾j =
yj

P−𝜃j
, (FEs)

Π−𝜃
i =

∑︁
j

yj

P−𝜃j
𝜏−𝜃ij , P−𝜃j =

∑︁
i

yi
Π−𝜃
i

𝜏−𝜃ij , (MRs)

𝜏−𝜃ij = exp(x ′ij𝛽)𝜔ij . (trade costs)
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Structural bootstrap

The model for each bootstrap replication b = 1, ...,B is

y (b)ij = exp
(
𝛼
(b)
i + 𝛾 (b)j + x ′ij𝛽

)
W (b)

ij 𝜔ij ,

where

e𝛼
(b)
i =

y (b)i

Π
(b)−𝜃
i

, e𝛾
(b)
j =

y (b)j

P (b)−𝜃
j

, (FEs)

Π
(b)−𝜃
i =

∑︁
j

y (b)j

P (b)−𝜃
j

𝜏
(b)−𝜃
ij , P−𝜃j =

∑︁
i

y (b)i

Π
(b)−𝜃
i

𝜏
(b)−𝜃
ij , (MRs)

𝜏
(b)−𝜃
ij = exp(x ′ij𝛽)W

(b)
ij 𝜔ij . (trade costs)
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Structural bootstrap

The model for each bootstrap replication b = 1, ...,B is

y (b)ij = exp
(
𝛼
(b)
i + 𝛾 (b)j + x ′ij𝛽

)
W (b)

ij 𝜔ij ,

where

e𝛼
(b)
i =

y (b)i

Π
(b)−𝜃
i

, e𝛾
(b)
j =

y (b)j

P (b)−𝜃
j

, (FEs)

Π
(b)−𝜃
i =

∑︁
j

y (b)j

P (b)−𝜃
j

𝜏
(b)−𝜃
ij , P−𝜃j =

∑︁
i

y (b)i

Π
(b)−𝜃
i

𝜏
(b)−𝜃
ij , (MRs)

𝜏
(b)−𝜃
ij = exp(x ′ij𝛽)W

(b)
ij 𝜔ij . (trade costs)

It turns out this makes very little difference versus the usual statistical bootstrap. back
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Example where seemingly correct bootstrap doesn’t double this bias

Consider a standard panel data model:

yit = exp (𝛼i + xit𝛽)𝜔it

▶ Most PML estimators will have a 1/T -bias in this case (inconsistent for fixed T ).

▶ In practice, researchers will typically prefer cluster-robust standard errors due to serial correlation
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Example where seemingly correct bootstrap doesn’t double this bias

Consider a standard panel data model:

yit = exp (𝛼i + xit𝛽)𝜔it

▶ Most PML estimators will have a 1/T -bias in this case (inconsistent for fixed T ).

▶ In practice, researchers will typically prefer cluster-robust standard errors due to serial correlation

Due to the noise in 𝛼i , the bias should have a term in it that looks like this:

H−1

T

©­­«−
1

N

∑︁
i

∑T
t=1
E

(
ℓ
∗𝛽k𝛼i
it ℓ

𝛼i
it

)
∑T

t=1
ℓ
𝛼i𝛼i
it

+ 1

2N

∑︁
i

(∑T
t=1

ℓ
∗𝛽k𝛼i𝛼i
it

) [∑T
t=1
E

(
ℓ
𝛼i
it ℓ

𝛼i
it

)]
(∑T

t=1
ℓ
𝛼i𝛼i
it

)
2

ª®®¬
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Example where seemingly correct bootstrap doesn’t double this bias

Consider a standard panel data model:

yit = exp (𝛼i + xit𝛽)𝜔it

▶ Most PML estimators will have a 1/T -bias in this case (inconsistent for fixed T ).

▶ In practice, researchers will typically prefer cluster-robust standard errors due to serial correlation

When we use a cluster bootstrap, the bias of each bootstrap estimate as N , T → ∞ is

H−1

T

©­­«−
1

N

∑︁
i

(
Wi,b

)
2 ∑T

t=1
E

(
ℓ
∗𝛽k𝛼i
it ℓ

𝛼i
it

)
Wi,b

∑T
t=1

ℓ
𝛼i𝛼i
it

+ 1

2N

∑︁
i

(
Wi,b

)
3

(∑T
t=1

ℓ
∗𝛽k𝛼i𝛼i
it

) [∑T
t=1
E

(
ℓ
𝛼i
it ℓ

𝛼i
it

)]
(
Wi,b

)
2

(∑T
t=1

ℓ
𝛼i𝛼i
it

)
2
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Example where seemingly correct bootstrap doesn’t double this bias

Consider a standard panel data model:

yit = exp (𝛼i + xit𝛽)𝜔it

▶ Most PML estimators will have a 1/T -bias in this case (inconsistent for fixed T ).

▶ In practice, researchers will typically prefer cluster-robust standard errors due to serial correlation

When we use a cluster bootstrap, the bias of each bootstrap estimate as N , T → ∞ is

H−1

T

©­­«−
1

N

∑︁
i

Wi,b
∑T

t=1
E

(
ℓ
∗𝛽k𝛼i
it ℓ

𝛼i
it

)
∑T

t=1
ℓ
𝛼i𝛼i
it

+ 1

2N

∑︁
i

Wi,b

(∑T
t=1

ℓ
∗𝛽k𝛼i𝛼i
it

) [∑T
t=1
E

(
ℓ
𝛼i
it ℓ

𝛼i
it

)]
(∑T

t=1
ℓ
𝛼i𝛼i
it

)
2

ª®®¬
No

∑
i W

2

i,b terms =⇒ Neither term is doubled in this case. back
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Example where seemingly correct bootstrap doesn’t double this bias

Consider a standard panel data model:

yit = exp (𝛼i + xit𝛽)𝜔it

▶ Most PML estimators will have a 1/T -bias in this case (inconsistent for fixed T ).

▶ In practice, researchers will typically prefer cluster-robust standard errors due to serial correlation

The upshot is that we need a bootstrap scheme in which the weights vary by t .

This makes intuitive sense because the bias is approximated based on N , T → ∞, in which case the iid

bootstrap gives asymptotically valid inferences. back
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