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This Appendix first describes an additional simulation exercise based on the trade
data. We then introduce additional notation, definitions, and other technical details that
supplement the formal theorems and remarks presented in Section 3 of the main text.
Proofs of our formal results then follow, starting with a poof of our Proposition 3, which
characterizes the asymptotic distribution of B and its asymptotic bias. This proof natu-
rally lends itself to further discussion of the “large T results from Remark 2 as well as the
consistency result from Proposition 1, which itself follows as a by-product of Proposition
3. We then demonstrate the uniqueness of this latter result as stated in Proposition 2
and highlight the general inconsistency of other three-way gravity estimators.

After the proofs, we include further supplementary discussions on the downward bias
in the estimated standard errors, on allowing for conditional dependence across pairs in
the trade data, and on how FE-PPML is affected by IPPs in more general settings beyond

the gravity framework.

A.1 Simulation Based on Trade Data

As a additional simulation exercise, we revisit the BACI aggregate trade data we used in
Section 5 and ask: if the estimated effect of an FTA and its standard error were indeed
biased to the degrees implied by our bias corrections, would our corrections be successful
at correctly identifying the bias and improving inference?

To answer this question, we start from the original aggregate trade data and FTA
data but reconstruct the conditional mean \;;; as though 3 = 0.086. That is, we first
adjust the estimated Xijt’s from the original estimation to account for the change in

and so that the FOC’s for all fixed effects are consistent with § = 0.086. This gives us

new “true” values of the conditional mean that we denote by )\St) The original data is
therefore assumed to have been generated by y;;; = /\Szwzjt, where the true disturbance

wjjt is backed out using wij; = vije/ )\Z(;t)
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Next, we choose a DGP for w;j;; that can reproduce the biases implied by our cor-
rections. Taking our cues from DGP IV, which we found earlier to produce a down-
ward bias in B , we consider a DGP where the conditional variance of ¥;;; has the form
Var[y|.] = aXije + bFTAN;,. That is, we allow for some overdispersion that depends on
the regressor of interest, as in DGP IV. We choose the two parameters a and b in order
to come close to matching the following three values: (i) the bias in 3, (ii) the standard
deviation of 3 (assumed to be 0.03), (iii) the bias of the standard error of 5. To keep
things simple, all of our simulations sample new values for w;;; only, holding )\2(]12 fixed. As
in the main text, we use 5,000 replications and assume p = 0.3. For our chosen values of
a and b—a = 200,000, b = 0.08—we obtain an average B of 0.0823, an average standard
error of 0.0267, and a standard deviation of 0.0307. The uncorrected coverage is 0.9078.

When our preferred bias corrections are applied, they do not completely solve the
coverage problem but do induce across-the-board improvements. The average corrected
B using the analytical bias correction is 0.0842 and the corrected standard error is 0.0290.
Coverage improves as well, but only to 0.9210. As discussed in the main text, one im-
portant factor that limits the improvement in coverage is the fact that applying bias
corrections to the point estimates increases their variance. In this case, the standard
deviation of the corrected estimate is 0.0321.

Turning to the jackknife bias correction, we find as before that it does a superior job
of bias reduction than the analytical correction, producing a average corrected estimate
of 0.0851. However, the standard deviation of the jackknife-corrected estimates is 0.0371,
echoing our previous finding that the improved bias reduction performance of the jackknife
comes at a steep penalty in terms of increased variance. As a result, the coverage we obtain
when we combine the jackknife with the corrected standard errors is only 0.8756.

Interestingly, if we only use the correction to the standard errors, i.e., without applying
any correction to the point estimates, we obtain a coverage ratio of 0.9312, which is
better than if we also use the analytical correction. It nonetheless remains true that using
corrections to both the point estimates and standard errors leads to an improvement
in coverage, as we have consistently found throughout our results. In general, these
simulations reinforce our earlier conclusion that bias corrections, though helpful, are not

necessarily a panacea to the issues we raise in the paper.



A.2 Additional Notation and Definitions

It is convenient to define the log-likelihood as a function of the index vector m;; as follows,

Tij1 a1 + Vi1
i (B, i, ;) =2 i (B, mij), where Tij = : =
5T o + VT
In this appendix, we will also be more explicit than in the main text in distinguishing

true parameter values 3%, o), 'y]t, and the corresponding 7r ~and 9Y.,, from their generic

ijty
equivalents. For example, the S;;, H;; and G;; that were already defined in the main text

can more formally be written as
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The T' x K matrix 7;; that was informally introduced in the main text as a two-way
within-transformation of z;;, can be formally defined by z;; = z;; — of — 77, where of

and 77 are T' X K matrices that minimize

N ,

>, > Tr {(% —af = 7)) Hy (i —af - ﬁ)} 7 (16)

i=1jem\{i}
subject to appropriate normalizations on of and +f (e.g. tpaf = 17§ = 0, where 1p =
(1,...,1)" is a T-vector of ones). Each within-transformed regressor vector Z;;x can be
interpreted as containing the residuals left after partialing out z;;; with respect to any -

and j-specific components and weighting by }_Iij.l

!While we present the computation of 7;; as a two-way within-transformation to preserve the analogy
with Ferndndez-Val and Weidner (2016), each individual element z;;; 1, can also be shown to be equivalent
(subject to a normalization) to a three-way within-transformation of x;;; , with respect to it, jt, and ij
and weighting by A;j;. Readers familiar with Larch, Wanner, Yotov, and Zylkin (2019) may find the

latter presentation easier to digest.



A.2.1 Analytical Bias Correction Formulas

The analytical bias correction discussed in Section 3.4 orequires estimates of the expres-
sions Wy, By, Dy defined in Proposition 3. For this, we first require plugin objects i‘j,
§,~j, ﬁi]‘, ﬁij, and Gij — these objects are formed in the obvious way by replacing A;j;
with Xijt and v;;; with 1§ijt = Xijt/ >, XijT where needed. Then, the /§N and EN are
K-vectors with elements given by

i
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The replacement of N with N — 1 in B¥ and D% stems from a degrees-of-freedom cor-

ngk)

:ka) objects that appear in Proposition 3 requires computing terms of the

rection. This correction is needed because creating plug-in values for the E (S;jHij
and E (SU S;]
form E[y7;,] and E[y;;syi5], as illustrated in Remark 1.

A.2.2 Details on large 1" bias expansion

We also want to explain the result in Remark 2 of the main text in more detail here by
rewriting the bias terms By and Dy to illuminate the role of the time dimension. Using

H’ij; Gij; and iij (e.g., Sij = (%ij/amj, Hz = 82&]’/87&'%’]‘871'/-

generic definitions for S, i

77
etc.), the formulas for the asymptotic distribution in Proposition 3 apply generally to
M-estimators based on concave objective functions ¢;;(3, s, vj¢). Unlike in the two-way
FE-PPML case, these formulas do not reduce to zero when we further specialize them to

the profiled Poisson pseudo-likelihood shown in (11), but we still find it instructive to do
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so (e.g., to discuss the large T' limit from Remark 2). For that purpose, we define the
T x T matrix M;; = Iy — ¥;;0p. Furthermore, let A;; be the T' x T" diagonal matrix with
diagonal elements \;j;;, and for 7, j € {1,..., N} define the 7" x T' matrices

+ T
1 Z / M. !
Qi = N—1< Mij Ay Mz’j) ( > My E(yyyi) M, ) ( >, My Mz‘j) ’

JeM\{i} JEM\{i} JEM\ {4}

T
Z Mij Aij Mz/]) AIJMZ/j

RZJ _ E(yljy1j> M/ (
j'em\{i}

N -1

The bias term By = (B%) in Proposition 3 can then be expressed as

T Rij Ty N Qi Nij M, Ty

B]’i, Z Z l LT/J£JJ<+ wQ /] ij “Vijk ’ (17)
— 1 i=1 jen\ {i} LT)\ij LT)\ij

and an analogous formula for Dy follows by interchanging ¢ and j appropriately. As long

as there is only weak time dependence between observations the matrix objects R;; and

Qil\ijMj; above are both of order 1 as T' — oo, such that both terms in brackets in (17)

are likewise of order 1. This explains the result stated in Remark 2 of the main text.

A.3 Proof of Proposition 3
Known result for two-way fixed effect panel models

Our proof of Proposition 3 relies on results from Ferndndez-Val and Weidner (2016)
— denoted FW in the following. That paper considers a standard panel setting where
individuals 7 are observed over time periods ¢, and mixing conditions (as opposed to
conditional independence assumptions) are imposed across time periods. By contrast, we
consider a pseudo-panel setting, where the two panel dimensions are labelled by exporters
1 and importers 7, and we impose conditional independence assumptions across both ¢
and j here (see also Dzemski, 2019, who employs those results in a directed network
setting where outcomes are binary, and Graham, 2017, for the undirected network case.)
Given those differences—and before introducing any further complications—we briefly
want to restate the main result in FW for the two-way pseudo-panel case. Outcomes Y;;,
i,j=1,..., N, conditional on all the strictly exogenous regressors X = (Xj;), fixed effect

N-vectors « and 7, and common parameters [ are assumed to be generated as

}/z] ‘ X7Oé7776 ~ fY( ‘ Xij7ai77j7ﬁ)7
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where the conditional distribution fy is known, up to the unknown parameters o;,v; € R
and 8 € RX. It is furthermore assumed that a; and ~; enter the distribution function

only through the single index m;; = «; 4 ;; that is, the log-likelihood can be defined by
gij(ﬁa Wij) = lOg fY(Y;j | Xija 0%%‘:5)-

The maximum likelihood estimator for /3 is given by

~

/6 = argmax Imax 5(570477)7 E(ﬁ,OZ,’}/) = ZE’L](/87 Q; +’YJ>

BERK a,yERN i,j

Also, define the K-vector Z;; with components, k =1,..., K,

E(95,0,0i;) 2
Eijk = Qe + Vg (O W) = %ﬁ%ﬁ%?;la(_aw2éij) <E(8;2£”j) — Qi — %‘,k) ,

where here and in the following all expectations are conditional on regressors X = (Xj;),
and on the parameters «, 7, 5. For ¢ € {0, 1,2}, the (within-transformation) differentia-
tion operator Dg,a = Dg,q is defined by

i J

Dﬁaggij - 850/562']' - 8ag+1€ij Eija Dﬂ'yggij - @57;&5 - 67;_1+1€Z-j EZ] (18)
Theorem 1. Assume that

(i) Conditional on X, o, 7°, B° the outcomes Y;; are distributed independently across
1 and j with
Vij | X,a°7° 8% ~ explli; (8%, 7)),

0 _ A0 A0
where m;; = a; + ;.

(1t) The map (B, ) — {;;(B,m) is four times continuously differentiable, almost surely.
All partial derivatives of €;;(5,m) up to fourth order are bounded in absolute value
by a function m(Yy, X)) > 0, almost surely, uniformly over a convex compact set
B c R+ which contains an e-neighbourhood of (8%, 7Y) for all i,j, N, and

some ¢ > 0. Furthermore, max; ; E[m(Y;;, Xi;)|¥™ is uniformly bounded over N,

77
almost surely, for some v > 0.

(iii) For all N, the function (5, a,vy) — L(5,a,) is almost surely strictly concave over
RE+2N apart from one “flat direction” described by the transformation o; — o; +c,
vj + v;—c, which leaves L(f, a,y) unchanged for all c € R. Furthermore, there exist
constants byin and by such that for all (B, 7) € B, 0 < bpin < —E [8az€ij(5, W)} <

bmax, almost surely, uniformly over i,j, N.

6



In addition, assume that the following limits exist

_ 1 E (00,0 Dpailis + 3Dpazliy)

B_J\}l—{noo__Ng > ]E( 2&]) ]’

D pim |- Ly E (05,655, lis + 3Dt ,
N—o0 i N i o E (8%2,%)

W = lim N2 Z]E (8@3'6” 0 2&]:1]:23)] s

where expectations are conditional on X, o, 7y, B. Finally, assume that W > 0. Then, as

N — 00, we have

N(B=p") = W' 'N(EB+D, W),

Remarks:

(a)

This is just a reformulation of Theorem 4.1 in FW to the case of pseudo-panels,
and the proof is provided in that paper. Since we consider only strictly exogenous
regressors, all the analysis is conditional on X; and the bias term B simplifies here,
since conditional on X (and the other parameters), we assume independence across
both ¢ and j. Thus, no Nickell-type bias (Nickell, 1981; Hahn and Kuersteiner,
2002) appears here, but we still have incidental parameter biases because the model
is nonlinear (Neyman and Scott, 1948; Hahn and Newey, 2004).

In the original version of this theorem, the sums in the definitions of £(3,«,), B,

D, and W run over all possible pairs (i,7) € {1,..., N}2. However, for the trade

application in the current paper we assume we only have observations for i # 7;
that is, those sums over 7 and j only run over the set {(i,5) € {1,...,N}* : i # j}
of N(N — 1) observed country pairs. The sum over j' (in B) then also only runs
over j' # i, and the sum over ' (in D) only runs over i’ # j. It turns out that those
changes make no difference to the proof of the theorem, because the proportion of
missing observations for each 7 and j is asymptotically vanishing. For that reason
it also does not matter whether we change the 1/N? in W to 1/[N(N — 1)], or
whether we change N (3— 50) to y/N(N —1) (B— 60>. The same equivalence
holds throughout our own results for applications in which researchers wish to use

observations for which ¢ = j (simply replace N — 1 with N where appropriate.) It



also does not matter for the proof that the number of exporters and importers is
the same, since this is already allowed for in FW’s existing results. If we let I be
the number of exporters and J be the number of importers, FW'’s results apply so

long as I and J grow large at the same rate.

More generally, careful examination of these proofs and results reveals that all ex-
plicit appearances of N and N — 1 in the definitions of W, B, and D actually play
no role in the fully expressed formula for the asymptotic bias, i.e., N"'W (B + D).
Thus, there is no need to adjust the terms that explicitly depend on N if some of
the data are missing. So long as the missing data occur at random, applying the
formulas as written should still generally be expected to deliver an asymptotically
valid bias correction. A similar observation applies for missing values in the three-
way model. That said, if the missing values occur in such a way that some of the
a;’s or 7y;’s appear only a small number of times in the data, they will tend to be
estimated with a larger degree of estimation noise than the other fixed effects, which

could affect the performance of bias corrections based on these formulas in practice.

The above theorem assumes that the log-likelihood ¢;;(3, a; + ;) for Yi; | X, o, 7y, 8
is correctly specified. This is an unrealistic assumption for the PPML estima-
tors in this paper, where we only want to assume that the score of the pseudo-
log-likelihood has zero mean at the true parameters, that is, E[@g&j(ﬁo, a +
) | Xij,a?,'yjo,ﬁo} = 0 and E[@ai&j(ﬁo, o +97) | Xij,a?,vg,ﬁo} = 0 and
E[awfij(ﬁo, o) +79) | Xij,a?,'yjo,ﬁo} = 0. This extension to “conditional mo-
ment models” is discussed in Remark 3 of FW. The statement of the theorem then

needs to be changed as follows:
N(B-8") = W N(B+D, ), (19)

where the definition of W is unchanged, but the expression of B = B; + By, D =



D, + Dy and Q now read

_ [ E (84,liDga,li;)
B, — i o ij & Ba;tij
1T NBeo Z >, E (@, 2131])]

B i |11 |2, E(9aitiy)?] £, E(Dga2ti)
2 = S AT )
N—oo |2 N = [ZjE(aaﬁgij)r

. : 1 Z-E[%@j%w%}
Dl_]\}l—lgo _N 7 ZE( 2&3)

I

— 1 3 [B(9y,£55)?] 5 B(Dgy 26i5)
221&2&_2N§ [z];:( )]27 ol
Q= lim_ va ZE Dty @a»’]] . (20)

These are the formulas that we have to use as a starting point for the bias results

derived in this paper.

Our task in the following is to translate and generalize the conditions, statement, and
proof of Theorem 1, as extended in (19) and (20), to the case of the three-way PPML

estimator discussed in the main text.

Regularity conditions for Proposition 3

The following regularity conditions are required for the statement of Proposition 3 to
hold.

Assumption A. (i) Conditional on x = (z5), o = (af,), v° = (75;), 1° = (1)) and
B°, the outcomes yij = (Yija,-- -, yijr) are distributed independently across i and j,

and the conditional mean of y;;: is given by equation (8) for all i, j, t.

(ii) The range of x4, afy and ’y]ot is uniformly bounded, and there exists v > 0 such that

E(%ﬁ |Tijt, Quit, Vit Mij) s uniformly bounded over i, j, t, N.
(i7i) limy_oo Wy > 0, with Wy as defined in Proposition 5.

Those assumptions are very similar to those in Theorem 1 above: Assumption A(i)
is analogous to condition (i) in the theorem, except that we only impose the conditional

mean of y;;; to be correctly specified, as already discussed in remark (c) above. Notice
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also that this assumption requires conditional independence across ¢ and 7, but we do not
have to restrict the dependence of y;;; over ¢ for our results.

We consider the Poisson log-likelihood in this paper, which after profiling out n;;
gives the pseudo-log-likelihood function ¢;;(3, at,vj:) defined in equation (11). This log-
likelihood 1is strictly concave and arbitrarily often differentiable in the parameters, so
corresponding assumptions in Theorem 1 are automatically satisfied. Assumption A(ii) is
therefore already sufficient for the corresponding assumptions (ii) and (iii) in Theorem 1.
Finally, Assumption A(iii) simply corresponds to the condition W > 0, which is just an

appropriate non-collinearity condition on the regressors ;.

Translation to our main text notation

The main difference between Theorem 1 in the Appendix and Proposition 3 in the main
text is that Theorem 1 only covers the case where m;; = «; + 7, is a scalar, while in
our model in the main text «;, v; and m;; = «; + 7y, are all T-vectors. We can impose
additional normalizations on those T-vectors, because the profile likelihood L£(5, c,7y) in
(10) is invariant under parameter transformations o; — o; + ¢;tp and v; — v; + dj i
for arbitrary ¢;,d; € R, where tp = (1,...,1)" is the T-vector of ones.? In the following
we choose the normalizations tc; = 0 and vpy; = 0, implying opm;; = 0 for all 4, j.
Accounting for this normalization we actually only have (T" — 1) fixed effects a; and ~;
for each i, j here. Theorem 1 is therefore directly applicable to the case T' = 2, but for
T > 2 we need to provide an appropriate extension.

The appropriate generalization of the operator Dgas = Dm;z in (18) to the case of
vector-valued a; and y; was described in Section 4.2 of Fernandez-Val and Weidner (2018).
Remember the definition of £i;(3, mi;) = £i;(3, i, ;) and Zij := x5 — af —~§. Then, by

reparameterizing the pseudo-log-likelihood ¢;; (53, cvi, ;) as follows

Ci(By u,yy) = Ly (B, iy — B'(af + 7)) = (B, s — B'ai, v — B75) (21)

0 (B, oy, y4) is block-diagonal,

1,5 “ij
in the sense that [E dsq,L* (S0, an,7) = 0 and E ds,, L* (5o, a9, %) = 0 — the definition

of af and 77 by equation (16) earlier in this Appendix exactly corresponds to those

one achieves that the expected Hessian of L*(3, a,,7) = 2

2Those invariances oy — o; + ¢; vr and vj +— ; +dj tp correspond to parameter transformations that

in the original model could be absorbed by the parameters 7;;.

10
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block-diagonality conditions. With those definitions, we then have that
Dpaslis = Oparliy = Tij Oqari biy.

In particular, we find that our definitions of

Wy = )Z > E; Hy iy,

=1 jem\{i}

Qy = Z Z {Var (

=1 jem\{d}

$z])} $7lj7

in Proposition 3 correspond to —m i E (655/€ij -0 2&]:”:;J) and mzm
E{D/g&j(DB&j)’} in the notation of Theorem 1 and equation (20). Thus, the asymptotic

variance in (19) indeed corresponds to the asymptotic variance formula in Proposition 3.

Inverse expected incidental parameter Hessian

The asymptotic bias results that follow require that we first derive some key properties of
the expected Hessian with respect to the incidental parameters. Remember the definitions
of the 2NT-vector ¢ = vec(a,y) from the main text. The expected incidental parameter
Hessian is the 2NT' x 2NT matrix given by
H = E[—0s9 L(B0, b0)] = ( 7:[((M)/ 7:[(047) ) ;
Han]  Hi

where L(5,¢) = L(S,«,7) is defined in (10), and ﬂ(aa), 7:[(047) and 7:[(77) are NT x NT
submatrices. Here and in the following all expectations are conditional on all the regressor
realizations. The matrix Hwa) = E [~8aaL(Bo, o)) is block-diagonal with N non-zero
diagonal T" x T blocks given by E [_aaia;£(607 gbo)} = > jem\{i} HU, because for i # j we
have E [—8%@;5(50, gbo)} = 0, since the parameters a; and «; never enter into the same
observation. Analogously, the matrix H(,,) = E[—0,,L(fo, ¢o)] is block-diagonal with
N non-zero diagonal T" x T" blocks given by > ;con 53 }_Iij. By contrast, the matrix ?-_[(M)
consistents of blocks E {—8%%5(50, qbo)} = I:Iij that are non-zero for ¢ # j, because any
two parameters «; and «y; jointly enter into 7' observations. The incidental parameter
Hessian matrix H therefore has strong diagonal T' x T blocks of order N, but also many
off-diagonal elements of order one.

The pseudoinverse of H crucially enters in the stochastic expansion for B below. It is

therefore necessary to understand the asymptotic properties of this pseudoinverse #f. The
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following lemma shows that H! has a structure analogous to 7, namely, strong diagonal
T x T blocks of order 1/N, and much smaller off-diagonal elements of order 1/N?. We
can write H = © + G, where

. Hiao) OnTxnT G- OnTxNT Hiay)
ONTXNT H(’y'y) ’ [%(o«y)]/ ONTXNT
The matrix ® is block-diagonal, and its pseudoinverse DT is therefore also block-diagonal
with T'xT blocks on its diagonal given by (Zje‘ﬁ\{i} ﬁij)T, t=1,...,Nand (Ziem\{j} ﬁij)T,

j=1,...,N. Thus, ®' has diagonal elements of order N~!. For any matrix A we denote

by ||Al|lmax the maximum over the absolute values of all elements of A.

Lemma 1. Under Assumption A we have, as N — 00,

7o

=0p (N7?).

max

This result is crucial in order to derive the stochastic expansion of B . Indeed, as we will
see below, once Lemma 1 is available, then the proof of Proposition 3 is a straightforward
extension of the proof of Theorem 4.1 in FW. Lemma 1 is analogous to Lemma D.1 in
FW, but our proof strategy for Lemma 1 is different here, because we need to account for

the vector-valued nature of o; and ;, which requires new arguments.

Proof of Lemma 1. # Expansion of H! in powers of G: The matrix H is (minus) the

expected Hessian of the profile log-likelihood £ = 37, ;¢;;. Because in that objective
function we have already profiled out the fixed effect parameters 7;; we have ?:[ijLT =0

for all 4, j, where vy = (1,...,1)" is the T-vector of ones. This implies that

H Loy ® t7) = 0. (22)
The last equation describes 2N zero-eigenvectors of H (i.e. the eigenvalue zero of H has
multiplicity at least 2NV). Because the original log-likelihood function of the Poisson model
was strictly concave in the single index x7;,8 + c; + ;¢ + 1i; it must be the case that any
additional zero-eigenvalue of H is due to linear transformations of the parameters o and
7 that leave a;; + 7;; unchanged for all 4, j,¢.> There is exactly one such transformation

for every t € {1,...,T}, namely the likelihood is invariant under o; — «a; + ¢; and

3Notice that any collinearity problem in the likelihood involving the regression parameters 3 is ruled
out for sufficiently large sample sizes by our assumption that limy_,o, Wx > 0, which guarantees that

the expected Hessian wrt [ is positive definite asymptotically.
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vt — Vit — ¢ for any ¢; € R. The expected Hessian H therefore has additional zero-

eigenvectors, which are given by the columns of the 2NT' x T matrix
vi=(y,—ty) @ M,,, (23)

where M,, := Iy — P,, and P, := T 'i7t/.. In the last display we could have used the
identity matrix Ip instead of M,,., but we want the columns of v to be orthogonal to the
zero-eigenvectors already given by (22), which is achieved by using M,,.. As a consequence
of this, we have rank(v) = T — 1; that is, since we already have (22) we only find T'— 1
additional zero-eigenvectors here. Thus, the total number of zero eigenvalues of H (i.e. the

multiplicity of the eigenvalue zero) is equal to 2N + T — 1. It is easy to verify that indeed
Hv = 0. (24)

Equations (22) and (24) describe all the zero-eigenvectors of H. The projector onto the

null-space of H is therefore given by
Pnull = H2N®PLT +Pv7 (25)
where P, = v(v'v)Tv’. The Moore-Penrose pseudoinverse of H therefore satisfies

ﬂ/}jﬂ = ’}_ZT 7:[ = ]I2NT - Pnull = M(L’ ) ® MLT7 (26>

N T

where the RHS is the projector orthogonal to the null-space of H (i.e. the projector onto
the span of 7-_[) The definition of the Moore-Penrose pseudoinverse guarantees that H?
has the same zero-eigenvectors as H; that is, we also have Hfv = 0 and H' (Ioy ® vr) = 0.

The last equation together with the symmetry of H' implies that
(Ioy ® P, )HT = 0. (27)

Next, similar to the above argument for # we have that the only zero-eigenvector of the

T x T matrices 3 ;con (5} I:[ij and >Zicon (5} ﬁij is given by ¢r, and therefore we have

T T
jeM\{i} jeM\{i} ieM\{j} €M\ {j}

which can equivalently be written as

DD =D =Ly @M, = Lyr — Loy ® P,,, (28)

13



where P, := T iyt Now, using (26) and H = D + G we have
7:[T (@ + g) = ]I2NT - Pnull-

Multiplying this with ©f from the right, using (28) and (27), and bringing H'G®T to the
RHS gives

Hf =9 — PLu®" — HigDT. (29)
By transposing this last equation we obtain

H =D — D' P — DIGHT, (30)
and now plugging (29) into the RHS of (30) gives

H =2 - D'Py — D'GD' + DIGPWD" — D'GHIGD!
=" - DGO — DBy — Bu®' + DIGHIGDT,

where in the second step we used that G Py = — Paun, which follows from 0 = H Py =
D Pount+G Paun by left-multiplication with ® and using that ®1® P,.1 = 0. This expansion
argument for H' so far has followed the proof of Theorem 2 in Jochmans and Weidner

(2019). We furthermore have here that D' (Io,y ® P,,) = 0, because ﬁl’jLT = 0, implying
that ®TP,.; = ©TP,. The expansion in the last display therefore becomes

H — D = DGO —D'P, — PL,D' + DIGH'GDT, (31)

with 2NT x T matrix v defined in (23). This expansion is the first key step in the proof

of the lemma.

# Bound on the spectral norm of HT: The term DTGHIGDT in the expansion (31) still

contains H' itself. In order to bound contributions from this term we therefore need a

preliminary bound on the spectral norm of H?.

The objective function ¢;;(8,m;) = €i; (5, i, ;) in (11) is strictly convex in j,
apart from the flat direction given by the invariance m;; — m;; + ¢ tr, ¢y € R. This
strict convexity together with our Assumption A(ii) that all regressors and parame-
ters are uniformly bounded over i, 7, N, T implies that for the T' x T" expected Hessian
Hy=E {—5’2&]-/8%”37% (Bo, a, 70)} there exists a constant b > 0 that is independent of
1,7, N,T such that

min v Hyv > b > 0.
{UGR:L’TU:O}
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The last display states that ]rfij is positive definite in all directions orthogonal to ¢r.
Again, the lower bound b > 0 holds uniformly due to Assumption A(ii). The last display

result can equivalently be written as

Hy>bM,,, (32)

where > means that the difference between the matrices is positive definite.
Next, let e; = (0,...,0,1,0,...,0)" be the i’th standard unit vector of dimension N.
For all 4,7 € 9 :={1,..., N} we then have

J

which are 2NT x T matrices. Because L£(3,¢) = SN, S jeo i} Lij (B, mij) we thus find
that

N

7'_[ =K [—8¢¢/£} = Z Z <a¢ﬂ';j) E [—aﬂ-i].ﬂéj&j} (8¢7r§j)/

=1 jem\{i}

> > (@) en]a()en] |
2 2 |0 enr] s |(7) o]
5z (6

N —1DI e —1
(Ot

v

® M,,

LNL/N — ]IN (N — 1)]1]\7

=QN

where we also used (32). It is easy to show that for N > 2 the 2N x 2N matrix Qy has
an eigenvalue zero with multiplicity one, an eigenvalue N — 2 with multiplicity N — 1,
an eigenvalue N with multiplicity N — 1, and an eigenvalue 2(N — 1) with multiplicity
one. Thus, the smallest non-zero eigenvalue of Qy is (N — 2). Also, the zero-eigenvector
of Qu is given by vy := (¢, —t%y)’, and therefore we have Qn > (N — 2) M,,, where
M,, = Ion — (2N)lvgv}) is the projector orthogonal to vyg. We therefore have

(N — 2) M(L/ —th)! X MLT

N

(N - 2) (HQNT - Pnull) )

15



where Py is the projector onto the null-space of H, as already defined above. From this
it follows that

_ 1
HT S m (]IQNT - Pnull) )

and therefore for the spectral norm

7 < 5w = 55 = O/, (33)

# Final bound on H?-_[T — @T‘

: Using (32) we find

max

T T
1 _ _
max (N — > Hij) = Op(1), max (N > Hij) = Op(1).

jeM{i} ze‘ﬁ\{ﬂ}

This together with our boundedness Assumption A(ii) implies that

o

= Op(1/N), 1G] o = Op(1). (34)

max

The definition of the 2NT x T' matrix v in (23) implies that

1Py e = || Pry - <P ] = @) ) s )
=(2N)"' = (1/N)7 (35)
where we also used that || M, ||, .. < 1. In the following display, let e, = (0,...,0,1,0,...,0)

be the k’th standard unit vector of dimension 2N7T'. We find that

jorl

max ’e; QHTgeg‘
max ke{1,....2NT}

S(;@ ,,,,, M}H%ku) | *H( ,,,,, m}ugeeu)

N <ke{1 ..... 2NT}ngkH> H;L_[TH
< (VANT G1]e) ]
on) (36)

where the first line is just the definition of ||-|| the second step uses definition of the

max’

rewriting, the fourth step uses that the

norm of 2NT-vector Ge, can at most be v2NT times the maximal absolute element of

spectral norm ‘

16



the vector, and the final step uses that 7" is fixed in our asymptotic and |G|, = Op(1)
and also (33).

Next, for general 2NT x 2NT matrices A and B we have the bound (notice that ||-||max

max

is not a matrix norm)

[AB|lmax < 2NT || Allmax [| Bllmax,

but because © is block-diagonal (with non-zero T' x T blocks on the diagonal) we have

for any 2NT x 2NT matrix A the much improved bound

DA e < T 1D

max —

1Al

max max *

Applying those inequalities to the expansion of Hf — D obtained from (31), and also
using (34) and (35) and (36), we find that

2 2

|7 -2

<7|o

1G | + 27 | D]

1P|

max

+ T2 H@T\

GH'g|

max

max max

— Op(1/N?),

max max

as N — oo (remember that T is fixed in our asymptotic.) This is what we wanted to
show. m

Proof of Proposition 3

The pseudo-likelihood function of the Poisson model is strictly concave in the single
index. Therefore, Assumption A together with Lemma 1 guarantee that the conditions

of Theorem B.1 in Ferndndez-Val and Weidner (2016) are satisfied for the rescaled and

penalized objective function*

1

1
7£ -5 /Pnu )

with Py, defined in (25). Here, the penalty term ¢’ P, ¢ guarantees strict concavity
in (8, ¢). However, in the following all derivatives of L(3,¢) are evaluated at the true

parameters, and since we impose the normalization P, ¢o = 0 the only derivative of

4Since we have a concave objective function, we can apply Theorem B.3 in FW to obtain preliminary
convergence results for both B and (E That theorem guarantees that that the consistency condition
on (;AS(ﬁ) in Assumption (iii) of Theorem B.1 in FW is satisfied under our Assumption A, and it also
guarantees HB— BOH = Op(N‘l/Q)7 which is important to apply Corollary B.2 in FW to obtain the

expansion result in our equation (37).
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L(S, ) where the penalty term gives a non-zero contribution is the incidental parameter
Hessian matrix H = B [~044L(Bo, ¢0)] for which the penalty term provides exactly the
correct regularization. However, instead of that regularization, we can equivalently use

the pseudoinverse; namely we have
_ -1 _ 1
(H+Cpnull) :HT+EPnu117

for any ¢ > 0. In all expressions below where H' appears we could equivalently write
HE + %Pnuu, but the additional contributions from %Pnun will always vanish because the
gradient of L£(3, ¢) with respect to ¢ is orthogonal to P,y.

By applying Theorem B.1 and its Corollary B.2 in FW we thus obtain

N(N = 1)(8 - %) = Wy'Uy + op(1), (37)
where
Wy = =~ (9L + [0 £) H [0 L))
N(N — 1) BB B @B
1 N _
- - Dpa U
NCERPEI

was already defined in Proposition 3, and we have Uy := U J(\? )1 U ](\} ), with

U](\?) N [85£ + 8ﬁ¢/£] HT8¢£}

/ _
0gl},
\/ _1;:1]6%\:{}BU

VNN = D)UY = (055 L — Opg LIH' 0L — (05 L H' [H —H] HI O,L
dim ¢ _ o B B B
5 2 (900, L+ (050 L) H (O, L) [H105L1,H1 0L
g=1

dim ¢

* rx17 1 Iy  /
= [080 L = Do LTHIOL + 5 3 Dy, L7 HI O LI HI 0L
g=1

Here, £;; was defined in (21), all “bars” denote expectations conditional on X and ¢, and all
the partial derivatives are evaluated at the true parameters. We also defined £*(3, ¢) :=
SN Yiem iy L (B, i, v5e). Remember that we use a different scaling of the (profile) like-
lihood function than FW; namely in (10) we define £(5,¢) = N, e iy Lij (B i, Vjt),

while in FW this function would have an additional factor 1/4/N(N — 1). This explains
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the additional \/N(N — 1) factors in Wy, U ](VO) and U ](Vl ) as compared to Theorem B.1 in
FW.

The score term Jgl;; = 7};5;; has zero mean and finite variance and is independent

across ¢ and j, conditional on X and ¢. By the central limit theorem we thus find

UY = N0, Qp),

where
1 *
R RS
1 al -
Sy oD g, 2 T Ve (S le)] 3

Thus, the term U J(\? ) only contributes variance to the asymptotic distribution of B , but
no asymptotic bias. By contrast, the term U J(Vl) only contributes bias to the asymptotic

distribution of 3, but no variance. Namely, one finds that
U =, By + Dy, (38)

with By and Dy as given in the proposition. The proof of (38) is exactly analogous to
the corresponding discussion of those terms in the proof of Theorem 4.1 in FW, which we
restated above as Theorem 1 (remember that for 7" = 2 our result here is indeed just a
special case of Theorem 4.1 in FW.) Therefore, instead of repeating those derivations here,
we provide in the following a slightly less rigorous, but much easier to follow, derivation

of those bias terms.

Derivation of the asymptotic bias in Proposition 3

Remember that the main difference between Theorem 1 and our case here is that for us the
incidental parameters «; and «y; are T-vectors, while in Theorem 1 the index m;; = a; +;
is just a scalar. An easy way to generalize the asymptotic bias formulas in Theorem 1 and
display (20) to vector-valued incidental parameters is to use a suitable parameterization
for the incidental parameters a; and 7;. The formulas for B, and D; can most easily be

generalized by parameterizing the incidental parameters as follows
= A; v = Ci % (39)
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where &; and 7; are T — 1 vectors, and A; and C; are T' x (T' — 1) matrices that satisfy

f f
J %
Let E(ﬁ, a,¥) = L(S, (A; a;), (C;7;)). This reparameterization guarantees that

GQE(B(]’&O?:);O) Al [ _
Gayoay N %:Hij Ai=lros

825(60’&0770) e 7. . o
(09,)(0%;) “ (Zz: Hw) 5 =TI (41)

That is, the Hessian matrix with respect to the incidental parameters a; and 7; is nor-
malized to be an identity matrix under that normalization. It can be shown that this
implies that the incidental parameter biases B, and D; “decouple” across the T'— 1 com-
ponents of &; and 7;; that is, the total contribution to the incidental parameter bias of B
just becomes a sum over T — 1 contributions of the form B; and D; in (20). Thus, for
ke{l,...,K} we have

T 1 B (e, liDsa )| T 1 R
Bl,k o qz:l |: N %: Ej/E (ad?,qgij'> ] o qz:l N %:E (aai,qujpﬁkai,quj)

1 , 1 ' /
Y 2E [(%&-j) (Dﬁkdifij)} TN 2_E [<8@4i€”) Aid; (D’Bk"‘i&j)}
(2%} I
) T
= _NZE SZ/J (Z Hz’j/) Hij fij,k )
i,j J’

where in the second step we used the fact that - E (8@7[1&]-/) = 1 according to (41), in
the third step we rewrote the sum over g € {1,...,7 — 1} in terms of the vector product
of the T' — 1 vectors 04,(;; and Dg, 4,0;;, in the fourth step we used that o; = A; &, and
in the final step we used (40) and the definitions of S;;, H;; and Z;;x. All expectations
here are conditional on X (in the main text we always make that conditioning explicit),
and ﬁij/ and Z;;; are non-random conditional on X; that is, we can also write this last

expression as

.|.
1 _
=y | (S T8 (1 7)
i J’ J
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Analogously we find

;
Si; <Z HZ-,]) Hy; fjk] :

Next, to generalize the incidental parameter biases By and D, in (20) to vector-values o

1
Dl’k: —Ng]E

and 7; we again make a transformation (39), but this time we choose

AN = (Z Hij)T x])] (ZHZ-J-)T.

i T
Notice that for a correctly specified likelihood we have the Bartlett identities ]:Il-j =
E (S S

In general, however, the transformation now is different. Instead of normalizing the

> E(Sy S
J

xij), implying that (40) and (42) are identical for correctly specified likelihoods.

Hessian matrices to be identities, as in (41), the new transformation defined by (42)

guarantees that

. 822(50,540,70) t -85(30,&0,70) | 825(507&0’50) T_
wvor (i) = [ | Ve B X_l Eaa B
[, [ageean ) | [0rLeRa 0]t
syVar (3) = | S B X_l oy | =

(43)

Again, it can be shown that with this normalization the incidental parameter bias con-
tributions By and D, “decouple”; that is, each component of &, contributes an incidental
parameter bias of the form B, in (20) to B, and each component of ’:yl contributes an
incidental parameter bias of the form D in (20) to 3. The total contribution thus reads,
for k € {1,..., K},

11 |5 B0, 09)%] 25 E(Dﬁk&iq@j)]
Z 5B (9, 8)]

_Tfll 1 E(D 0 — 11 o0 [B(D ,
= ;2]\7% ( 5kd?yq ij) - QN% 1"[ ( 85 i, zg)}
11 -
=57 2 T A E(Ds, e i) Ajl
2y}

Y

> E (S Sy xjk)] (Z Hij)T

r T
= o > Tr (z]: Gij f@]k) (XJ: Hij)
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where in the second step we used that {Zj E(@diyq&j)ﬂ / [Zj E (adlz,q&j)r = 1 according
to (43), in the third step we rewrote the sum over g € {1,...,7 — 1} as a trace over the
(T'—1) x (T'—1) matrix of third-order partial derivatives E(Dg, 4,a,fi;), in the fourth step
we used that o; = A; @;, and in the final step we used the cyclicity of the trace and (42)
and the definitions of G’ij, Zi;k, and the tensor-vector product G’ijfij,k (which, recall, is a
T x T matrix).
Analogously we find
10y 1 [ SEs,,65)?) B )

b 11
a qZ::l 2N ZJ: [ZiE@ﬁq&j)r

_ in ; T (Z G, ;zjk) (z ﬁfijy [z E (S, 5,

(en)]

We have thus translated all the formulas in Theorem 1 and in display (20) to the case
of vector-valued «; and ~; to find exactly the expression for the asymptotic biases B, =

By + By, and Dk = D1 i, + D5, in Proposition 3.

Rewriting the bias expressions as in Appendix A.2.2

In the following, we unpack the formulas provided in Appendix A.2.2 in order to provide
additional detail on why the leading bias term is of order 1/(NT) as both N and T' — oo

simultaneously. Remember that E(yije|ije, cis, vij) = Nije := exp(z};8 + i + 7i5) and

Wy = Z’yf\iﬁ , and denote the corresponding T-vectors by v;;, A;; and 9;;. It is convenient

to define the T' x T matrices
Aij = dlag ()\1]) y

and

My e Ty — Ty
i = A7 — T — Vijlp,

0T
v ij

which is the unique idempotent 7'x 7T matrix (i.e. M;; M;; = M,;) that satisfies rank(M,;;) =
T — 1, MjNi;j = 0, and v M;; = 0. Notice also that A;; = Ajtp, and therefore
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Miin]’ = AZJMZ/J We then have

Sij = Mj;yij,

. A\
Hyj = Mij Nij Mj; = My Ay = Ny M, = gy — =

/ Y
LT>\ij

and

T
Gij,tsr = - Z )\ij,u Mij,tu Mij,su Mz’j,ru;
u=1
where t,s,7 € {1,...,T}.
Next, define 77, := M;;7;,. Noting that \j;77; , = 0, we find
1 ~x/ ~x
Wi ke = m %: Ty Nij T35,
1 ~% ~%
= m Zt Aijt Tije e Tje -
17]7
This shows that Wy has an additional sum over ¢, so Wy increases linearly in 7', and
Wyt =0(T™), for T — oo.
Now, also define D, ;, := diag {()\ijt fz}t’k)tzl,“.,T

with diagonal entries A;j; Z7;, . The first-order conditions of the optimization problem

} , which is the diagonal T x T" matrix

that defines Z;; 5, read
ZHz’j Tijr =0, Z Hz’j Tijr =0,
( J
or equivalently
ZAij Ty =0, ZA” Ty, =0,
i j
which can also be written as

Z Dijr =0, Z Dijr = 0. (44)
v J
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These FOC’s are only important to simplify the term B, in what follows. We have

T
By = _Jif M (Z H;j ) i Tk

%] LT)‘ZJ
1 o i
T
e Var yZ HZ :BZ '7]4;,
N(N—l)%: g j ( Z ]> !
1 T ;
Bag = 2N Z Ir Z Mij Diji Ml’ﬂ] (Z Hﬂ) [Z M;;Var(y;;) M, ] (Z H, )
T i F ;

e (47 (hen)
- 2

NN=DGL o)
= 1 Z )‘;j Qi AijMi,j Tijk

NN =1) 43 LrAij ’

where, in the second-to-last step, we used the definition of M;;, (44), that ¢p.D;;pir =
N T, and that Dyper = Ay 775, and in the last step, we used that A7}, =
Ay M;T5p and X 775, = 0. We also used the definition of Q; given in Appendix A.2.2.
We then have for BN = By, + By, that

ij, ks

1 LTRZ].Tij+ 1 1>\/ zA M/ fzgk

Bk = — T T Z]
N N(N —1)4 Z L N(N —1) 4 Z L ’

where we have now also used the definition of R;; from Appendix A.2.2 in order to
simplify Bj ;. Under appropriate regularity conditions, the 7' x T" matrices (); and R;;
each maintain diagonal elements of order one and off-diagonal elements of order 1,7
through their dependence on Var(y;;). Therefore, all the numerators and denominators
in the last expression for B, remain of order one as T' — oo, such that B% = O(1) as
T — oo, with an analogous result also following for D%. Recalling that Wy increases
linearly with T', we thus conclude that the bias term
Wy'(By + D)
N -1 ’
is of order 1/(NT') as both N and T grow large.

Comment on Proposition 1

We note that the consistency result from Proposition 1 also follows from the above proof

of Proposition 3:
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Remark 3. If the asymptotic bias in B is characterized by Proposition 3, then B ]

consistently estimated as N — oo.

As we have noted in the text, for this consistency result to hold, we need for the score
of the profile log-likelihood ¢;; (3, at, ;) from (11) to be unbiased when evaluated at the
true parameters (4%, a®, ~4%). In particular, we need for there to be no incidental parameter
bias term of order 1/T" associated with the pair fixed effect 7;;. As the following proof

and subsequent discussion clarify, the FE-PPML estimator is quite special in this regard.

A.4 Proof of Proposition 2

To prove Proposition 2, it will first be useful to prove the following lemma:

Lemma 2. Assume a “one way” panel data model with \;; = exp(x},5+ a;) and consider

the class of FE-PML panel estimators with FOC’s given by

T T

Bi Z Zﬂfit (yit - Xit)g(j\it) =0, a;: Z (yit - Xit)g(xit) =0,
i=1t=1 t=1
wherei=1,...,N,t=1,....T, and g(Xit) s an arbitrary positive function of Nit. If T is
fized, B is only consistent under general assumptions about Var(y|z, ) if g(\) is constant

over the range of \’s that are realized in the data-generating process.

Put simply, if Lemma 2 holds, then no other FE-PML estimator of the form described
in Proposition 2 aside from FE-PPML can be consistent under general assumptions about
the conditional variance Var(y|x, ,7y,n). We have already shown that the three-way FE-
PPML estimator is generally consistent regardless of the conditional variance. Thus, if

we can prove Lemma 2, Proposition 2 follows directly.

Proof of Lemma 2. Our strategy here will be to adopt a specific parameterization for
the conditional variance Var(y|z,«) and then examine the conditions under which 3 is
sensitive to small changes in the conditional variance. If B depends on Var(y|z, ) even
for large IV, then it is not possible for B to be consistent under general assumptions about
Var(y|z, a).

To proceed, let the true data generating process be given by

Yit = NitWit,
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where \;; is the true conditional mean and
1
Wit = exXp | —o In(1+M,)+/In(1+ )xipt)zit} (45)

with z;; a randomly-generated variable distributed N'(0, 1). wy; is therefore a heteroskedas-
tic multiplicative disturbance that follows a log-normal distribution with E[wy] = 1 and
Var(w;;) = Aj. The conditional mean of y;; is in turn given by E[y;|x,a] = A\ and the
conditional variance is given by Var(yy|z,a) = Var(yg|Ay) = A3 Var(wy) = M. Our
focus is the exponent p, which governs the nature of the heteroskedasticity and can be

any real number. With this in mind, it is useful to document the following results,

(9(&)“ . aE [wit] .
* l p ] o (46)
owy)] Owir|  OE (w3)
_ (W;;""f] My £ 0. (47)

Put another way, the expected value of the change in w;; with respect to p must always
be zero because E[w;] = 1 regardless of p. Similarly, the expected change in the second
moment of w;; must be A%, In \;; because this gives the change in the variance of w;;.”

To facilitate the rest of the proof, we invoke the following conceit: the random distur-
bance term z;, once drawn from N(0, 1), is known and fized, such that each w; may be
treated as a known transformation of the underlying value for z; given by (45). Among
other things, this means we can always treat the partial derivatives %ﬂ“ and %”;t = \it 8;;
as well-defined; similarly, we can treat the estimated parameters $ and @; as deterministic

o~

functions of the variance parameter p with well-defined total derivatives % and Cilpi‘ That

is, for a given draw of z;;’s, we can perturb how the corresponding w;;’s are generated and

consider comparative statics for how estimates are affected. If 3 is consistent regardless
of the variance assumption used to generate w;;, then small changes in p should have no
effect on asymptotically. Thus, our goal in the following is to determine if there are
any estimators in this class other than FE-PPML under which limy_ %\ = 0 in this
experiment.

The next step is to totally differentiate the FOC’s for 3 and @; with respect to a change

in p. Let £ denote the pseudo-likelihood function to be maximized.® For notational

5Note here that 78(55‘) = Qwit%.
6The implied pseudo-likelihood function is given here by £ := Z£1zfz1yit i g(;fvit)d/\it —
N T

Zi:1 thlfg()\it)‘b\it-

26



convenience, we can express the scores for B and a; as L3 and L,,, such that their FOCs
can respectively be written as L3 = 0 and £,, = 0. Differentiating the FOC for B, we
obtain

dB - - da;
. —L55Ls, — L3s ; ‘Cﬁaidip7 (48)

where L35 is the matrix obtained from partially differentiating the score for B with respect
to 3, L, (a vector) is the partial derivative of Lz with respect to p, and Lg,, (also a
vector) is its partial derivative with respect to @;. Applying a similar set of operations to
the FOC for @; then gives

da; _ ., dj
G _ _potp gty A0

= — 49
dp [e7Ye 7] [e7Ye 7} ﬁai dp’ ( )

where L,,q, and L,,, are scalars that respectively contain the partial derivatives of L,

with respect to &; and p. Plugging (49) into (48), we have

dB = —LZiC oy 3 LY Lon L L7} 3 £t ! dB
dip - T8 Bp T 352 a;a; ~Ba; aip T 652 o~ Bog ﬁai%
=1 =1
N 1
= - (I—Egé;@}m% ﬁ) Ls5Lsp (50)
N -1 N
—1 -1 -1 -1
+ (I - Eﬁﬁ ;Eaiaiﬁﬁai //3011‘> Eﬁﬁ ; £aiai£ﬁai£aip7 (51)

where I is an identity matrix whose dimensions equal the size of [.

Let P henceforth denote the combined matrix object I — ﬁ/gﬁl > Lo Loa Ly, Tt is
straightforward to show that that first term in (51), —P_lﬁgﬁlﬁﬁp, converges in proba-
bility to a zero vector when N — oo. To see this, note first that P and Lzz must be
non-singular and finite for B to be at a maximum point of £ and for fTE to exist. Fur-
thermore, limpy_so IV Tﬁgﬁl = —E[xitxitg(xit)m;t]*l must also be non-singular and finite.
Slutsky’s theorem then implies limy_, o —P_lﬁgﬁlﬁﬁp —p 0 if limy oo N7'T1Ls, —, 0.

Examining the vector Lg, more closely, we have

limy oo N7'T71 L5, —, 0 then follows via standard arguments because E {%ﬂ =0 (by

(46)). We may therefore focus our attention on the second term on the RHS in (51),
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lﬁﬁﬂ > L4, Lsa, Lo, Noting that £ must be < 0, in this case we consider the
conditions under which limy_,. N 17! Z E o, LBa; La;p similarly converges in proba-

bility to zero. The summation in this latter term may be expressed as

~

T T
A 78N ’\ 3 0 i
Z‘Coz az‘cﬁaz aip T Z‘Calozl Z (ylt - )g (>\ Zt - let)\ltg ‘| Z v )\

i=1 i=1 t=1

Re-arranging this expression, we have that

N
3O\ <~ 0 s
Z ’Coz o Eﬂaz oG p Z Z Z ‘Cozzoq ztyztg )‘ )/\ztg<)‘zs) ay
=1 i=1t=1s=1 1%
YNEE 3 N 3 N ayzs
Z Z Z ala,‘rlt( itd ()‘it) + g()\it)) Aitg()‘is) ap . (52)
i=1t=1s=1

Focusing first on the second of the two summation terms in (52), we again apply v;; =

/\ztht, ap = A2 als and E [a“”] = 0. We have that

N T T . N N N N N awis
lim —— Z Z Z ﬁ;iaﬁit (Aitg,<>\it) + g()\it)) )\itg()\is)AisTp —p 0.
This follows for the same reason limy_,o N"'T'Ls, —, 0 above. The first summation
term in (52) obviously —, 0 as well if the estimator is FE-PPML, in which case ¢’ (M) = 0.
To complete the proof, we just need to show that this term does not reduce to 0 if

g'(Air) # 0. A final step gives us

N T T
SVAYN 3 ayls RRT ,\ =R
]\}lﬁnéoﬁ;;; Ealaxztyztg )\ )Aztg()\ls) ap _N%ooNT;;Eala xltg )\ztg()\ )yzt
- J&znm%% o () Aag ()Xo

To elaborate, the terms where s # t vanish as N — oo because disturbances are assumed

to be independently distributed (E[w;; dg“] = 0 if s # t.)” The remaining details follow

from (47).® We have now shown limy_,. fTE = 0 if and only if g’(j\it) = 0. In other
words, the estimator must be FE-PPML, which assumes g(xit) is a constant. For other

FE-PML estimators, even if B is consistent for a particular p, it cannot be consistent for

"Note that under FE-PPML, where ¢’ (th) = 0, the estimator is consistent even if disturbances are

correlated. This is yet another reason why FE-PPML is an especially robust estimator.

-1
®Notice that if 7" — oo also, we have that limp_,o TL;),, = —E [)\itg()\it)] must be finite. We
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all p because B does not converge to the same value for N — oo when we vary p. As we
discuss below, this is what happens for FE-Gamma PML (where g(A\;;) = A;;') and some

other similar estimators. [ |

To be clear, the robustness of the FE-PPML estimator to misspecification is a known
result established by Wooldridge (1999). However, to our knowledge, it has not previously
been shown that FE-PPML is the only estimator in the class we consider that has this
property.” At the same time, it is worth clarifying that FE-PPML is not the only estimator
that is capable of producing consistent estimates of three-way gravity models. Rather, it
is the only estimator in the class we consider that only requires correct specification of
the conditional mean and for the covariates to be conditionally exogenous in order to be
consistent. The following discussion describes some known cases in which other estimators

will be consistent.

A.5 Results for Other Three-way Estimators

Depending on the distribution of the data, there may be some other consistent estimator
available aside from FE-PPML. In particular, if g(j\ijt) is of the form g(Xijt) = M
with ¢ an arbitrary real number, the FOC for 7;; has a solution of the form 7;; =

[>T, ﬂf;gl] LS Yiedidy,. Tt is therefore possible to “profile out” 7j;; from the FOC for

ijt)

3, just as in the FE-PPML case. As such, it is possible for the estimator to be consis-
tently estimated, but only if the conditional variance is correctly specified (more precisely,
we must have Var(y|z, a,v,n) X;{q, the equivalent of p = —1 — ¢.) In this case, the
estimator is not only consistent, but should be more efficient as well.

An interesting example to consider in the gravity context is the Gamma PML (GPML)

estimator, which imposes g(Xijt) )\m% Generally speaking, GPML is considered the

would therefore have

N

T
NT—)OONLZZ TE 1 Ztg zt) ug( “5)/\ |:T

=1 t=1

awzt] — 07

ensuring that B does not depend on p for the large N, large T case. This follows because

My oo T~V [wie] =0 = limp_yeo T~ 'E [wit f’g{;t} ~0.

9 Alternatively, it is possible to extend the above result to an even more general class of estimators by
considering estimators that depend on g(@;) rather than g(}:it). The same type of proof may be used to
show that /73’\ depends on the variance assumption if ¢’'(@;) # 0. Furthermore, the estimator can be shown

to be consistent if ¢'(a;) = 0.
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primary alternative to PPML and OLS as an estimator for use with gravity equations
(see Head and Mayer, 2014; Bosquet and Boulhol, 2015.) However, to our knowledge, no
references to date on gravity estimation make it clear that, unlike in a two-way setting,
the three-way FE-GPML estimator is only consistent when the conditional variance is
correctly specified.!® Thus, it is possible that researchers could mistakenly infer that the
appeal of FE-GPML as an alternative to FE-PPML in the two-way gravity setting carries
over to the three-way setting.!! This is especially a concern now that recent computational
advances have made estimation of FE-GLM models significantly more feasible.

To illuminate the unique IPP-robustness properties of FE-PPML in the three-way
context, Fig. 3 shows a comparison of simulation results for FE-PPML versus log-OLS
and Gamma PML.' The displayed kernel densities are computed using 500 replications
of a three-way panel structure with N = 50 and 7' = 5.'* The ¢ and j dimensions of
the panel both have size N = 50 and the size of the time dimension is 7' = 5. The fixed
effects are generated according to the same procedures described in the text and we again
model four different scenarios for the distribution of the error term (Gaussian, Poisson,
Log-homoskedastic, and Quadratic).

As we would expect based on Proposition 2 , FE-PPML is relatively unbiased across all
four different assumptions considered for the distribution of the error term. The general
inconsistency of the three-way OLS estimator—which is only unbiased for DGP III where
the error term is log-homoskedastic—is also as expected. However, the reasons behind the

bias in the OLS estimate are well-documented (see Santos Silva and Tenreyro, 2006) and

10As discussed in Greene (2004), the fixed effects Gamma model is generally known not to suffer from
an incidental parameter problem, similar to FE-Poisson. However, the result stated in Greene (2004)
is for the Gamma MLE estimator, which restricts the conditional variance to be equal to the square
of the conditional mean. The FE-Gamma PML estimator is consistent under the slightly more general

assumption that the conditional variance is proportional to the square of the conditional mean.
UFor example, Head and Mayer (2014), arguably the leading reference to date on gravity estimation,

suggest comparing PPML estimates with GPML estimates to determine if the RHS of the model is
potentially misspecified. Such a comparison is not straightforward in a three-way setting because the
GPML estimator is likely to be inconsistent. Their other suggestion to compare GPML and OLS estimates
still seems sensible, however. As we show below, both estimators give similar results when the Gamma

variance assumption is satisfied and give different results otherwise.
12\We were able to compute three-way FE-Gamma PML estimates using a modified version of the

HDFE-IRLS algorithm used in Correia, Guimaraes, and Zylkin (2020). To our knowledge, these are the

first results presented anywhere documenting the inconsistency of the three-way Gamma PML estimator.
13Simulations with larger N are more narrowly distributed, but otherwise are very similar.
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Figure 3: Kernel density plots of three-way gravity model estimates using different FE estimators,
based on 500 replications. The model being estimated is y;;¢ = expait + V¢ + 1ij + TijeS]wije, where the
distribution of w;;; depends on the DGP and the true value of § is 1 (indicated by the vertical dotted
lines). The size of the ¢ and j dimensions is given by N = 50 and the ¢ dimension has size T' = 5. See
text for further details.

do not have to do with the incidental parameters included in the model. The three-way
FE-GPML estimator is also consistent under DGP III because it assumes the error term
has a variance equal to the square of the conditional mean. Both OLS and GPML are
also more efficient than PPML in this case. However, as the other three panels show,
when this variance assumption is relaxed, three-way FE-GPML clearly suffers from an
IPP, exhibiting an average bias equal to roughly half that of OLS in all three cases.

We have also performed some simulations with three-way FE-Gaussian PML, which
imposes g(j\iﬁ) = Xijt. We do not show results for this other estimator because the
HDFE-IRLS algorithm we used to produce the FE-PPML and FE-Gamma PML estimates
frequently did not converge for the FE-Gaussian PML estimator. However, the results
we did obtain were in line with our results for FE-GPML and with our discussion of
Proposition 2 above: the FE-Gaussian PML estimates were consistent when the DGP for

w;;r was itself Gaussian (as in DGP I), but were inconsistent otherwise.
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A.6 Allowing for Conditional Dependence across Pairs

The bias expansion in Proposition 3 allows for errors to be clustered within each pair
(i,7), but assumes conditional independence of y;; and y;; for all (i,7) # (¢/,j'). This
assumption is consistent with the standard practice in the literature of assuming that
errors are clustered within pairs when computing standard errors (see Yotov, Piermartini,
Monteiro, and Larch, 2016.) However, it is important to clarify that the results in Propo-
sition 3 may change when other assumptions are used. For example, if we want to allow
y;; and yj; (i.e., both directions of trade) to be correlated, then the bias results would
not actually change, but we would need to modify the definition of 2y to allow for the

additional clustering; namely, we would need

1 N—-1 N
1 Nilj_N .
D) Z{ Var (S | 25)] 3 + & [Var (83| 23)] %
i=1 j=i
+ i;] [COV (Sij7 Sj- 'TZJ)} fji + f;l {COV (Sji,Sij .CL’J@)} f”}

(53)

Notice, however, this is just one possibility. Similar adjustments could be made to allow
for clustering by exporter or importer, for example, or even for multi-way clustering a
la Cameron, Gelbach, and Miller (2011). In these cases, the bias would also need to be
modified; specifically, one would have to modify the portions of D%, that BY that depend

on the variance of S;; to allow for correlations across ¢ and/or j.

A.7 Showing Bias in the Cluster-robust Sandwich Estimator

For convenience, let x;; := (z;;, d;;) be the matrix of covariates associated with pair
tj, inclusive of the it- and jt-specific dummy variables needed to estimate «; and -;.
Similarly, let b := (8, ¢) be the vector of coefficients to be estimated and let b be the
vector of coefficient estimates. Note that we can write a first-order approximation for §ij

as
Sy~ Siy — Hipxiy(b—b),

which is consistent with the approximation provided in (13). We can then replace b—1b

with the standard first-order expansion b—b=~ —L,' LY, where £ = >_ij i is the profile
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likelihood. This expansion in turn can be written out as
b—b~ —Ly) [Z X;,mSmn] :
Now we turn our attention to the outer product §Z»j§;j:
SiSiy & SiSiy + Higxiy(b — b)) Hy; — 2Hy; [x;5(b - b)] S,
— Sijs,gj + Hijxij(g — b)ngjﬁij + 2H,%;; Lyt lz X;nnSmn] ng

Because we assume we are in the special case where FE-PPML is correctly specified, we
have that E[(b — )] = —kLy;', where Ly, := E[Ly,]. We also have that E[S;;SL] = kH;j.
Therefore, after applying expectations where appropriate, we have that
E[S’\nggj] ~ Sl]S;j + liﬁinijE;blxngij,
which can be seen as extending Kauermann and Carroll (2001)’s results to the case of
a panel data pseudo-likelihood model with within-panel clustering. We are not done,
however, as we have not yet isolated the influence of the incidental parameters. To
complete the derivation of the bias, we must more carefully consider the full inverse
Hessian term E_b_bl. Using standard matrix algebra, this inverse can be written as:
- A p-1p \7L - Arop-1p Nl A A
o (L35 = Li9L35Los) 1 — (Los = LisL30Los) LosLao
AF-lp - Aop-1p NV A, Ae1p (A AroA-ip \Nla Ao ]
~LosLos (Lop — LyplosLos)  Logt LogLos(Las — LipLojLos) Lislo
where we have used Z¢¢ in place of H in order to add clarity. Making use of some
already-established definitions, we have_that the top-left term (Lgs — L33L,3L45) " =
—[N(N—1)]7'Wy" and, similarly, that £} = —[N (N — D7 WP 1f we again consider

o .
E[S;;Si;], we can now write

. K -
E[Si;5; — 5ij9] =~ —m[ﬂj(%j dij) x
wy! W' LisLog ‘5
“HgeeBVV N Nt Lo losVn Loglos
r ] —1 —1p1 p—1 1w prr—1

_ I »-1 _
tdig Log LopWy' L Lodyy + diy Wi di ) Hy,
which simplifies to the expression shown in (13).
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Results for the two-way model. Though we have focused on the downward bias
of the sandwich estimator for the three-way gravity model, it is also known to be biased
for the standard two-way gravity model without pair fixed effects (Egger and Staub, 2015;
Jochmans, 2017; Pfaffermayr, 2019). As it turns out, the analytics for the two-way and
three-way models are very similar here, and we can easily adapt our results to the simpler
two-way setting. The main change we would need to make is to replace H;; everywhere
it appears with A;;, including in the definitions of z,;, Wy, and W](\,¢). The rest of the
derivations then follow in the same manner as for the three-way model. The resulting
correction has been included in our ppml_fe bias Stata package for users working with
two-way gravity models. A version of this correction has been studied alongside other

methods in a recent paper by Pfaffermayr (2021).

A.8 DMore Discussion of IPPs in FE-PPML Models

In this part of the Appendix, we wish to give a more expansive discussion of when IPPs
may arise in case of an FE-PPML estimator. We have already reviewed the two-way
and three-way gravity models in the main text; thus, here, we will focus first on the
classic “one-way” FE panel setting where no IPP occurs. Doing so will allow us to draw
a contrast with other, more complex models where IPPs could be a problem. As part
of this discussion, we give some examples of panel models where FE-PPML is actually

inconsistent, unlike the models covered in the main text.

The Classic (One-way) Setting

Consider a static panel data model with individuals + = 1,..., N, time periods t =
1,...,T, outcomes y;;, and strictly exogenous regressors x;; satisfying
E(yit|zie, i) = Aig := exp(a}, B + o). (54)

The FE-PPML estimator maximizes 3, ; (yirlog Ait + Ait) over B and a. The correspond-
ing FOC’s may be written as

ZXT::B (90— Xi) =0, i(yn M) =0, (55)

i=1t=1
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where \;; := exp(z/,3+a;). Solving for &; and plugging the expression back into the FOC
for B we find

N T
S [y - 22D 5 v (56)

T
=1 t=1 ZT 1 eXp( ’LT =1

which, as long as (54) holds, are valid (sample) moments to estimate . Thus, under
standard regularity conditions, we have that v N (B — %) =4 N(0,V) as N — oo, where
V' is the asymptotic variance. The FE-PPML estimator therefore does not suffer from an
IPP: even though &; is an inconsistent estimate of «;, the FE-PPML score for  has zero
mean when evaluated at the true parameter 5%, and B therefore converges in probability
to B° without any asymptotic bias. This is a well known result that can also be obtained
in the Poisson-MLE case by conditioning on Y, y;;; see Cameron and Trivedi (2015). For
our purposes, it gives us a benchmark against which other, more complex models may be

compared.

Examples where FE-PPML is Inconsistent

In the above “classic” setting, every observation is affected by exactly one fixed effect. In
current applied work, it is common to specify models with what we will call “overlapping”
fixed effects, where each observation may be affected by more than one fixed effects. Some
standard examples include the gravity model from international trade (as is our focus
in the main text) as well as other settings where researchers may wish to control for
multiple sources of heterogeneity (e.g., firm and employee, teacher and student). Thus,
it is important to clarify that the presence of overlapping fixed effects can easily lead to
an [PP, even when the underlying estimator is Poisson or PPML. We give the following

simple example:

Example 1. Consider a model with three time periods T' = 3 and two fized effects o; and

v; for each individual:

t=1: E(ya |z, ai,y:) = A = exp(a), 8 + i),
t=2: E(yio|Ti2, 04, 7:) = Niz := exp(x}of + o4 + %),
t=3: E(yi3|$i3, Oéiy%) = iz i= exp(:zzggﬁ + %’)-

The FE-PPML estimator mazrimizes Z 11 Zt 1 (yirlog Nig + Aig) over B, v andy. T =3
is fired as N — oo.

35



Example 2. In addition tot=1,...,N andt =1,...,T we re-introduce another panel

dimension j = 1,...,J and consider
E(yije|Tije, qies vig) = Aije == eXp<x;th + i + i),

where oy is now indexed by both i and t and our second fixed effect is similarly indexed
by i and j. The FE-PPML estimator in this case mazximizes 3, ;, (yije log Nije + Nije) over
B, a and . We consider N — oo with both J and T fixed, e.g. J =T = 2.

In these examples, because the fixed effects are overlapping, we have that a enters into
the FOC for 74, and vice versa. Therefore, when for a given value B we want to solve the
FOC for @ and 4 we have to solve a system of equations, and the solutions become much
more complicated functions of the outcome variable than in the one-way model. While
having this type of co-dependence between the FOCs for the various fixed effects need not
necessarily lead to an IPP, as we discuss next, it does create one in models where more
than one fixed effect dimension grows at the same rate as the panel size, as is the case
with a and v in both of these examples.

In gravity settings, by contrast, the crucial distinction is that the dimensions of each
fixed effect grow only with the square root of the sample size as the number of countries
increases. As mentioned in the text, this ensures that the IPPs associated with each fixed
effect “decouple” from one another, in the sense described by Fernandez-Val and Weidner
(2016). However, in the inconsistency examples just given, the estimation noise in the
estimated o parameters will always depend on the estimation noise in the estimated
~ parameters, and vice versa, even as N — oo. Thus, decoupling cannot occur. For
illustration, we have used the model from Example 1 as our example of inconsistency in
our earlier Figure 1. We have also performed simulations for the model in Example 2 and

found similar results.

A Suggested Heuristic for IPPs when the Estimator is FE-PPML

As has been made clear from our discussion and results, the usual generic bias heuristic
shown in our equation (6) from Ferndndez-Val and Weidner (2018) is generally not ap-
propriate for FE-PPML. Indeed, because FE-PPML can be asymptotically unbiased in
special cases, it may not be productive to try to boil down how their biases are likely to

behave to a single formula. Instead, we propose the following approach:
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1. If there are no fixed effect dimensions that grow proportionately with the sample,

we expect FE-PPML to be unbiased asymptotically.
2. Otherwise, the likely order of the bias can be derived as follows:

(a) Construct the equivalent multinomial model by profiling out the largest fixed

effect dimension.

(b) Infer what the order of the asymptotic bias would be for the equivalent multi-

nomial model by calculating p/n (i.e., as in (6)).

For example, in the three-way gravity model, the number of observations is on the
order of N?T and the number of parameters is on the order of N? pair fixed effects plus
2NT exporter-time and importer-time fixed effects. However, after profiling out the pair
fixed effects, we only have the 2NT exporter-time and importer-time fixed effects. Thus,
we take p/n to be proportional to 1/N as N — oo, implying an asymptotic bias of order
1/N.

For further illustration, consider Examples 1 and 2 above. In these cases, even after
profiling out «, one still finds that p is proportional to n as n — oo, implying inconsistency.
As a contrast, consider the two-way gravity model. As we have just discussed, all of the
fixed effects grow only with the square root of n in that case, implying it is asymptotically

unbiased.

“Four-way” gravity models. As a more complicated example, consider the following

“four-way” gravity model:
Yijir = exp [u + oy + Miji + CGje + TijueSwijie- (57)

This type of model may be used for trade data that is observed separately for different
industries or commodities, which here are indexed by [ = 1...L. ay;, ajy, and 7 re-
spectively are industry-level analogs of v, aj;, and 7;; from the three-way model. Thus,
they allow multilateral resistance effects and cross-sectional heterogeneity in trade costs
to vary by industry. The fourth fixed effect, (;;;, captures general changes in trade across
all industries for a given pair. z;j; is assumed to be an industry-specific policy variable
of interest (e.g., tariffs). We assume that the error term w;j; exhibits correlation over
time within the same exporter-importer-industry triplet but is independent across trade

partners and across industries within the same exporter-importer pair.
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The four-way model does not conform to the framework from our main analysis, but
we can nonetheless use the above heuristic to infer the order of the bias and propose a
correction. After profiling out the order-N2L exporter-importer-industry fixed effects, the
model has on the order of 2N LT exporter-industry-time and importer-industry-time fixed
effects and N?T exporter-importer-time fixed effects. The number of observations is on
the order of N2LT. Following our discussion from Section 2.2, the bias is thus expected
to be of the form
;b@ N ;bw n ib(q (58)

Where b, 5™ and b© are unknown constants. Two observations stand out. First,
for consistency, we require both N and L to be large. For data sets where the number
of industries is relatively small, the 1/L bias term associated with the (;;; fixed effect is
likely to induce substantial bias. We will thus consider the implications for asymptotic
bias as NV and L grow large at the same rate. Second, the order of the standard error as
N and L both — oo while T is fixed is 1/(N+v/L). The ratio of the asymptotic bias to the
standard error as NV and L both — oo is expected to be of the form

a N p(¢
VLB VLo + L)

Y

c

where ¢ > 0 is a positive constant. This ratio diverges to infinity as N, L — oo, implying
that the standard error shrinks to zero faster than the bias does. This is a more severe
form of the asymptotic bias problem than the one we found for the three-way model,
where the bias and standard error both decreased at the same rate asymptotically. It is
therefore advised that a jackknife correction should be used to reduce the bias. This can
be done by holding out industries to inflate the 1/L bias while simultaneuously holding
out countries to inflate the 1/N bias. For example, a jackknife sample with half the
number of countries and half the number of industries will have an asymptotic bias of
order 2/N +2/L.

A closely related model that we can also discuss is the case when the fourth fixed
effect, (j;¢, is not included in the model shown in (57). An example of when this might
be desirable is when the policy variable of interest does not vary across industries (e.g.,
a trade agreement dummy). In this case, one can infer from the formula in (58) that we
would expect an asymptotic bias of order 1/N, like what we found in the case of the three-
way model. Furthermore, if only the number of countries is allowed to become large, while

both L and T are held fixed, the standard error is also of order 1/N, and the behavior
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of the asymptotic bias is exactly like what we found for the three-way case. However,
interestingly, if both N and L — oo, we are back in the case where the bias-to-standard
error ratio heads to infinity. Thus, the severity of the problem will depend importantly
on the number of industries in both of these models.

Finally, note that if T is no longer fixed, so that N, L, and T all — oo jointly, we
expect the special properties of PPML to cause the IPP bias to become more benign.
We know from Fernandez-Val and Weidner (2016)’s earlier results for the two-way model
and from our own results for the three-way model that the decoupling of the IPPs as all
dimensions of the panel become large at the same rate eliminates the asymptotic bias in
these settings. Future work can investigate to what extent this holds true for four-way

panel models.
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